ECE5730: Physics-Based Battery Management 2—1

MODELING ELECTROCHEMICAL
IMPEDANCE

2.1: More detail required at the solid/electrolyte interface

= WWe have eliminated redundant model parameters so we are now
(theoretically) able to estimate values for the remaining parameters
from laboratory-based cell input/output measurements (Ch. 3).

o

i
B

redundant modeling model efficient
parameter electrochem. parameter time-domain

elimination impedance estimation simulation

= Qur next step is to develop impedance models. They:

o Will be used as part of the parameter-estimation process,
o Give a lot of insight by themselves,
 Are also used when converting PDEs to time-domain ROMs.
m Cell-level impedance models are based on transfer functions (TFs) of
individual electrochemical variables with respect to input current.
« Very similar to what you learned in Ch. 6 of ECE5710.
« But, some improvements have been made to derivation since then.

 Also, we must add a description of some dynamic effects not yet
considered by prior physical models.
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ECE5730, MODELING ELECTROCHEMICAL IMPEDANCE 2-2
= We will enhance the standard Doyle—Fuller—-Newman (DFN) model in

five significant ways:

1. We replace the standard Butler—Volmer kinetics with the multi-
species-multi-reaction (MSMR) model.

2. We add a description of an electrical double-layer to the electrode/
electrolyte interface.

3. We incorporate constant-phase elements (CPEs) in the interface
double-layer description.

4. We incorporate CPEs in the solid-diffusion description.
5. We add SOC-dependence to electrode solid diffusivity.

= |n this chapter:

o We first develop these enhancements to the standard DFN model.

» Then, we present a full-cell impedance model.

» Appendices derive TFs for all cell electrochemical variables and
share some details that are helpful when implementing the TFs.

= Comment: In the equations, | will generally suppress the generic

region superscript “r” to simplify the notation.
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2.2: Upgrade 1: Multi-species-multi-reaction (MSMR) model

= The DFN Butler—Volmer kinetics equation depends on electrode OCP.
» This OCP can be a completely general function of stoichiometry.
« Implicitly, this assumes a single reaction at the particle surface.
« Data from physical cells do not always agree with this assumption.

= Here, we introduce the MSMR model, which computes the overall
OCP function as a composite of multiple simpler OCP functions.

m Each simpler OCP function represents an independent reaction,
filling and emptying different “galleries” in electrode’s host material.
m The model is motivated by 1 Lithium intercalation stages in graphite

noticing the flat regions of some %0_8 Wt I w ’
OCP curves (esp. graphite). % 06 _
« These regions correspondto 2 || | :
a phase-change region. % " ‘ ]
 Sloped regions correspond to T — —

Sing|e_phase reactions. % 01 02 03 04 05 06 07 08 09 1

Electrode stoichiometry 98

= From the figure, we might guess that there are about six distinct
“reactions” with intermediate phase-change regions in graphite.

m The figure below visualizes what is happening: Li is “staging”

between graphene sheets in graphite for different levels of 6:
Graphite Stage 2L Stage 2L-2 Stage 2 Stage 1

Ce, " =0 LiCa4, 6" = 0.25 Varies, 025 < 6" < 0.5 LiCiz, 0" =0.5 LiCs, 0" = 1
90 00 00 00
e 25522 55 oo 90000000
OO 00 00 _ 00 00000000
o0 ©0 90 00 00 _ 00000000
LL (IO @0 __ 00 00000000
20— s—20__ 90 _00 _ 60000000
00 00 090 Gee000e0

(Lattice distortion due to intercalation is real, but amount is exaggerated in this figure)
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ECE5730, MODELING ELECTROCHEMICAL IMPEDANCE 2—4
» There are different “stages” in the figure corresponding to “empty”,
“one quarter full”, “one third full”, “half full”, and “full”.

= Notice that patterns form; lithium does not tend to distribute randomly.
» Near any of these more stable patterns is a “single-phase” region.

« Moving between these patterns is a “phase change” region.
= The electrochemical reaction for gallery j can be expressed as:
Li* 4+ e~ 4+ Host; = (Li-Host)

where “Host” is a vacant site and (Li-Host) is filled: for each gallery j,
an individual unfilled host site can hold one Li to become a filled site.

= For gallery j, 0 < X; < 1is the fraction of (both filled and unfilled)
available sites and 0 < x; < X is the fraction of filled sites (Li-Host);.

« The normalized total of available sites is one: > X; = 1.

= The equilibrium potential is 05 Standallrd and mpdified Nernst eqluations
then represented by a %0_4
modified Nernst equation S y
(below), where f = F/(RT), >
w; is a unitless shape factor, 3 °
and U! is a concentration- g o

independent potential: 0 - - -
0 0.2 0.4 0.6 0
Stoichiometry (solid) or -dx/dU/min(dx/dU
W; Xj—x; W; Xunfilled, j
Uj:U]Q—I——]ln(—] ])zUj(.)—l— ]ln(un ety
/ Xj f Xfilled, j

= The following are physical properties for these quantities:

o In equilibrium, the {x;} are fixed, the potentials of each gallery are
equal (i.e., U; = Uyp) and Uy, is affine in temperature T
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ECE5730, MODELING ELECTROCHEMICAL IMPEDANCE 2-5
 The logarithmic term infers that potential will approach +oco when
the gallery is empty and —oo when the gallery is completely filled.’

« w; models the nature of the reaction on a continuum:
+ w; = 0 represents ideal two-phase behavior (stair-like potential);
+ w; = 1 represents ideal single-phase behavior (classic Nernst);
+ w; > 1 represents disordered behaviors.

= We can “read” approximate values for X, U](.’, and w; from the OCP
and differential-capacity (dQ/dV) curves.

= Helps to initialize optimizations 1 Approximating U7 and X
to find MSMR parameter values

\
o
)

to match data from electrode ~ 2,,f
i iti g ixg . ve
having unknown composition. gos Y54 XX Xi : 7 Z%
g W1 | ;
= U} are OCP plateau voltages; — oz~ ) !
- i N\ b

X ; are plateau widths. TS T O e ee
05 or normalized |d6]/dV |

oy

(&)
o

(63}
o
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o
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o
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o
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o
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n
o
T

Absolute diff. capacity (1/V)
Absolute diff. capacity (1/V)

201 (}g
10f
10} X/ \X4
0 J \ . Ug 0 Xs| X3 Xp —><— X1 I
0 0. 0.2 0.3 0.4 0 0.2 0.4 0.6 0.8 1
Potential vs. Li/Li™ (V) Absolute degree of lithiation 6}

» The number of reactions is equivalent to the number of peaks in the
dQ/dV plot (it is sometimes difficult to see them all).

! There are practical limits due to other chemical reactions not considered here: copper
oxidizes at around 3.4 V with respect to Li/Li* in common electrolytes; lithium plates at
around 0V; many electrolytes break down at voltages above about 4.3 V.
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m Potentials UJ(.’ are the peak locations in a 06,/0U,, against U,, plot.
= Gallery size X; are peak widths in a 66;/0U,, against 6, plot.

= Can find w; by looking at peak heights in (unnormalized) dQ/dV plot:
0x; S X

oU U=U9x;=X;/2 4o;
= We can invert the potential equation to find the “filled” site fractions at
the solid/electrolyte interface (“s, €”) at any local potential U':
X
Xs,e,]’ = 0 .
Il +exp[f(U —Uj)/w,]
= The electrode surface stoichiometry, 6; ., is then found by summing
the fractional occupancies from all galleries:
X
e = 2% = 2T e 70 = U)oy ]
m Corresponding differential-capacity can be computed analytically:
00s . fXjexp[f(U —UY)/w;]

oU Twi {1 +exp[f(U — U]('))/a)j]}Z.
= [n equilibrium, U = Uqep, Xse,j = Xo,j, aNA 05 = s o.

= When cell is not in equilibrium, galleries fill and empty independently,
modeled via separate Butler—Volmer equations, where iy = Z]J.ZI if, i

io,j = Ko; (¢)" I (X = x;) 1 =406

ir.j = io,; [exp((1 — a;) fn) — exp(—a; fn)].
» This adds a nonlinearity to the model.

= Each gallery has own solid-diffusion equation (where 6, = >7_, x)):
0X; 10 (- _,0x; - OX; 6100 — 0O
ad A )W and b, 2| =0l
ot r2or or or |z_, 108000 -
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2.3: Upgrade 2: Electrical double layer

= The DFN model defines electrode particle surface overpotential # as:

n= ¢s - ¢e - Uocp(‘gss) — Rfif-
e (X, 1) = 6s(x, 1,1), i.e., surface stoichiometry, but can’t call it 6, .
any longer since we will be modeling more detail at the interface.
= WWe can re-arrange this expression to get:
¢s — ocp(ess) + 17+ Rfif + ¢e-
» This interfacial model can be visualized as an equivalent circuit:
R
+ + =
Ps \ WY Pe
Uocp(ess) ! '

Rct -

» DFN model was originally derived to describe constant-current (not
transient) response of a lithium-ion cell.

= When identifying a model for physical cells, we find that this interfacial
model is overly simplistic: We must add double-layer capacitance to
describe transient behaviors better.

= \We will now consider a more general
model of the solid—electrolyte interface.

= Include possibility of a particle surface
film, having resistance R, as before.

= But, add “double layer” of charges at
different interfaces, describing ordering
of charged ions in the electrolyte.

= These double layers of charge can be modeled as capacitances.
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= Many double-layer models have been proposed in the literature—
there is no consensus regarding which is correct or “best”.

= Will introduce one of the most general models?, and you will learn
that it is straightforward to substitute a different model if desired.

= In the illustration, the particle surface has electric potential ¢; film at
particle/film interface has potential ¢g; film at film/electrolyte interface
has potential ¢r.; electrolyte at film interface has potential ¢..

» Both interfaces are considered to have a faradaic (non-capacitive)

lithium flux modeled by a Butler—Volmer/MSMR relationship:
J

ir = ioj{exp ((1—a) f (1—¢2—U;)) —exp (—af ($1—¢2—U;)) }

j=1

e ¢ is potential of the phase closest to (or same as) the particle.

e ¢, is potential of the phase closest to (or same as) the electrolyte.
 U; is the open-circuit potential of the charge-transfer reaction.

m Interfaces between ¢, and ¢, between ¢ and ¢., as well as overall
film (between ¢, and ¢.) are also assumed to develop a nonfaradaic
(capacitive) lithium flux that arises from the charging and discharging
of an electrochemical double-layer at that interface.

m |f capacitance at this interface is considered to be ideal, we can
model lithium flux for any of these interfaces generically as:

- 0(¢1 — )

iq = Cq a7

where double-layer capacitance Cg is measured in farads.

2 From: Meyers, J.P., Doyle, M., Darling, R.M., and Newman, J., “The impedance re-
sponse of a porous electrode composed of intercalation particles”, Journal of the Elec-
trochemical Society, 147(8), 2000, 2930—40.
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= However, we will later want to consider a more realistic double layer
that also has a series resistance Ry (measured in ohms).

m Consider the circuit to the right; analyze in the Laplace e
domain: " l 2,
_ 1 i
D (s) — Da(s) = La(s) Za(s) = La(s) |:Rdl + f} : = Cy
sCa ,
2

= Rearrange:
sCa(s)(®1(s) — @o(s)) = La(s) [sRaCa + 1] .

= Convert to time domain:
=, 0(¢1(t) — 2(1))

C = Ry C
dl 8Z dl“dl

Oig(t) .
1).
Py +iq(?)

= This reduces to the ideal case when Ry is zero.

m Otherwise, the resistance and capacitance combine to form a time
constant that models non-instantaneous charge-carrier movement in
the double layer.

= Summary of notation regarding interfacial fluxes:

» Faradaic flux from electrode to electrolyte is i;.
» Nonfaradaic double-layer flux is ig.
o Total flux is lfidl-
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2.4: Ideal interfacial impedance model

= With these two model upgrades, we seek to derive the small-signal
impedance of the solid/electrolyte interface, including double layer(s).

Impedance at the particle/film interface

= We first investigate the impedance at the particle/film interface.

m Recall, diffusion of lithium in a particle is modeled via Fick’s law as:

%:ii Dsfza_)ij )
ot 72 or or

where the nonzero boundary condition has been written as:
6100 — 6ol .
= —————Ij ;.
=1 108000
= We must now consider whether lithium flux through particle surface is
faradaic only, or whether it also has a nonfaradaic component.

- an
Ds —
or

» Following Meyers, we assume that it remains only faradaic since
no lithium crosses interface due to double-layer charging.

o Excess surface double-layer charge is due to electron flow only.

= Because we now consider multiple interfaces, we rewrite it ; as ifs_f]..
o Temporary superscript “sf” denotes “from ‘s’ to ‘f’ phases”.

= Recall Jacobsen—West TF from ECES5710 (where X, = x5 — X50):

%o (s) = 10100 — ol [ 1 :|Isf.(S)
> 10800D,Q L1 — \/5/ D, coth(v/s/Ds) ]
= We sum both sides of this equation over all j and find:
~ 10100 — 6o [ 1 } ¢
O (s) = = = — |17 (s).
10800D,Q L1 — \/s/D, coth(y/s/Dy) ]
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= We solve for I(s) by linearizing the equations describing the kinetics
at the electrode/electrolyte interface.

= Here, we replace the standard Butler—Volmer kinetics with the kinetics
description from the MSMR model.
» The overpotential at the particle surface can be written as:

n= ¢s — ¢sf — Uocp(es)-
o The exchange current density for gallery j can be expressed as:
. I, w0 wi(l—a;)pll—0;
io,j = ko, ()% (X — x)® =40, =),
« Finally, the overall faradaic flux out of the particle is expressed as:
J
it = D io,j [exp((1 — ) f1) — exp(—a; fn)].
j=1
= We linearize i’ by forming a Taylor-series expansion around setpoint:
P* — {xj = Xj,0 Oc = e,0 — 1, ¢s - ¢sf = Uocp((gs,O)a ifo = 0}
and discarding second- and higher-order terms (also, 6, o = ij.zlxj,o).

= To do so, we require the derivatives:

o _ g [ZJ: ] ang  OF FlUocpl
= Lo, j - — 1o,
a¢sf p* - J an o ocp
O

io
where we have replaced the DFN definition of iy with a new definition
i = Z]J.ZI io.; for the MSMR model, and where:

io,j = ko, j(x0 )" (X — xq,)“ =)

OUocp(6s)
005 o, ’
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= With these terms, we can write (where ¢, = ¢ — Uoep(6s.0)):

J
l?f ~ fl_() (¢s — ¢sf - Uocp(es,O)) - flTO[Uocp]/ z (xss,j - xj,O)

j=1
— fl_O (&s — ¢sf) flO[Uocp] szs j T flO[Uocp] Zx] 0
j=l1
— fl_O (&s - ¢sf) - fl_.O[Uocp]/ (ess - 95,0) .
= This can be rearranged in terms of debiased ¢, and ¢ as:

¢ ¢Sf RSfl + [UOCp]/QSS)
where R = 1/(fip).?

» Taking Laplace transforms, we have:

~

(Ds — (Dsf — R(S;thfo + [Uocp]/@ss-

= At this point, we can define ideal particle diffusion impedance Z(s):
6100 — 6o 1

10800D,Q [1 — /s/D,coth(y/s/ D) ]

m Substituting this in the Jacobsen—West transfer function, we have:

ZS(S) — [Uocp]/

O, — by = (R + Z)1}

= The interface also supports a lithium flux due to the double layer:*

3 Note that if we use a standard DFN kinetics model instead of an MSMR model, this
definition of RY! still applies, and iy is the exchange current density of the standard DFN
kinetics instead of the redefinition we give here.

* To use the initial-value theorem (IVT) to find a TF, must have ¢,(0) —¢(0) = 0, implying
that Cj; is initially charged to U, (6s0) and iji(0) = 0, which causes 7(0) = 0.
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0B — b)) il
f fAstOldl | Lsf
Ccsu S - = RcSﬂCcSu Py "‘lcsu

ot
= 0(Ps + Uoep(Bs.0) — o) =g 20l
f S ocp\vs, S f st odl - sf
Ca of = RSICSIE +iq

sCS(Dy(s5) — De(s)) = (SRSCS + 1) I (s).

= Overall solid/film interface supports a total lithium flux:

1 sCsf ~
I, (S)=ISf(S)+ISf(S)=(- ——+——¢ ) Dy (s)—Dys(s))
e ! a \R$+Z(s) sRECi+1 J( )
f’s;ES)

where Y(s) is overall admittance of interface and Zg(s) = 1/Y(s).

Impedance at the film/electrolyte interface

= Now, we investigate the impedance at the film/electrolyte interface.

= Solve for I/(s) by linearizing the Butler—Volmer equation for the
interface and taking the Laplace transform of the result.

m At this interface, we ignore variation of OCP on concentration of
lithium in film or in solution (same as Meyers, et al.).

= Following same method as before, we find (where R = RT /(i F)):
g — O, = REI.

= The interface also supports a lithium flux due to the double layer:®

_. D — a'fe

_ pfe~feOldl | e
Py = Rdlcdl—at T g

sCii (Dre(s) — De(5)) = (sRECH + 1) 15 (s).

> To use IVT, C' must be initially discharged to 0V so that ¢ (0) — ¢.(0) = 0.
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= Qverall film/electrolyte interface supports a total lithium flux:

1 sCle
I (s) = (s —l—IfeS:(_ + —_d )q)es—q)es ,
f—l—dl() f() dl() ¥R1Cf% SR(fl?C(fﬁ—l—lJ( f() ())
Yf;ES)

where Y;.(s) is overall admittance of interface and Z.(s) = 1/Yz(s).

Overall interfacial impedance model

= Finally, must add film resistance, and double layer between ¢, and ¢..

= Start by recognizing that lithium flux I3} ,,(s) and I ,(s) must be
equal, and define that value to be I{, (s).

= Model resistance of film layer as purely ohmic:
(Dsf(s) - (Dfe(s) — Rf110f+d1(s)-

= Rearrange equations for I}, (s) and I, (s) and lithium flux through
film resistance

Dy (5) — Di(s) = Zs(s) If 4 (5)
Dye(s) — Pre(s) = Relf,q(s)
Ope(s) — De(s) = Zge(s)If 1 (5).
= Adding these three equations to each other, we find that:
Dy(s) — De(s) = (Zet(s) + Re + Zie(s)) Ifyar(s)-

= Interfacial impedance model is nearly complete: all that remains is to
consider double layer between ¢, and ¢.:°

® To use IVT, C§ must be initially charged to Uy, (6s,0) Volts so that ¢,(0) — ¢.(0) = 0.
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— 8(¢ — ¢ ) - 81(51(13 .
slle (¢S OCp: S,O) ¢e) Rse Se dl | l(sﬂe

Cii (Dy(s) — D)) = (SRECH + 1) I ().

= Total lithium flux from solid to electrolyte is I3, (s) = I, 4 (s) + I3 (s):

1 sCyi = B
It} (s) = (Zsf(S) Rt Zn0) + SRECE 1 1) (Ds(s) — Dels)) -

= Defining ¢se = &5 — P and s = d — ¢, We have now derived the

impedance of the interface:

~se(S) =
— Zse >
a2

where,
—1

Zse(s): (— = = T — S—dl )
ZaG) + Rt Znls) | SRECE 11

= This interfacial model can be visualized using the equivalent circuit:’

RS fﬁf
+ AT 1=
VWA = I
f ~sf dl f f
Ry Ca Ry Car
v - v
Iy + N I
(I)S . (I)Sf — A A\N"—ose (Dfe ° (De
— Rsf If éfe Ise
(I) _|_ — . + ct f+dl + ct __ f+dl
S Z WY WY
Uocp(es,O) Ifo Iffe

" Note that the circuit was developed directly from the linearized model differential equa-
tions. The equations imply the circuit; the circuit does not define the model equations.
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2.5: Upgrade 3: Adding double-layer CPE behavior

= Analysis so far in this chapter has focused on the solid/electrolyte
interface for a single particle, not for an entire electrode.

» This ignores the inhomogeneous nature of physical electrodes; e.g.,
o Variations in surface reactivity,

o Variations in particle sizes, shapes, and surfaces of particles,
« Fractal geometry of pore openings in electrode.
= When extending the interfacial model from particle-scale to a 1D

continuum, these inhomogeneities are not always modeled well by
the impedance Z.(s) and its associated circuit found to date.

= But, by replacing ideal capacitances with constant-phase elements
(CPEs) and by modifying particle impedance Z,, we can improve the
ability of the interfacial model to describe observed behaviors.®

CPE due to distribution of particle sizes

= Distribution of particle size and shape in electrode causes impedance
of overall double layer to differ from that of an ideal capacitance.

= Impedance of ideal capacitance is modeled as Zq(s) = 1/(sC).
= CPE replaces this impedance with Zz(s) = 1/(s"C), for 0 < ng < 1.

= On a Bode plot, Z¢(s) had a constant phase of —90° and Zz(s) has a
constant phase of —90° x ngq.

» Both are CPEs, but new terminology used primarily when ng # 1.

8 Jorcin, J.B., Orazem, M.E., Pébére, N., Tribollet, B., “CPE analysis by local electro-
chemical impedance spectroscopy,” Electrochimica Acta, 51(8-9), 2006, 1473-9.
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» Frequency response of resistor in parallel with CPE element:

Bode magnitude of parallel resistor/CPE circuit 0 Bode phase of parallel resistor/CPE circuit
60| M =l | —"a!
—n,=0.9 -15¢ —ny,=0.9/]
o~ n,=0.8 n,=0.8
S 80} a1 5 30 a7l
Py 3
q') SN—
E CPE o -45f
=100 e 8
(@) _C
g o 60f
-120
_75 L
-140 : : : : : -90 : : : '
1073 102 101 10° 10" 102 10 10* 10° 107 102 101 10° 10" 102 10® 10* 10°
Frequency (rad 3'1) Frequency (rad 5'1)

= All model double-layer capacitances may easily be replaced by CPEs.
o Simply replace s with s" in capacitor impedances.

= We first rewrite Z(s) and Z.(s) (notice that the tilde symbol (“~”) in

the subscript denotes a CPE):

_ —1
f
1 nfﬂCSf

RS+ 7 (S) ”leSfC [+ 1
~1

Zz(s) =

1 nfﬁc_vfe
pfe +
R "cuR cCle 4+ 1

Zi(s) =

m Using these new definitions, overall impedance may be rewritten:
-1

Z ( ) ( 1 ndlcse )
e\) = = = =
Z5(s) + Ry + Zfé(S) ”lese Se P+ 1

Modified CPE for double layer
= In Ch. 4, we face difficulties when using a pure double-layer CPE.

= To convert impedance models into ROMs, we must remove unstable
dynamics as part of the process (then add them back in a later step).
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= Double-layer CPE converts a pure integrator (the capacitor, which
can be removed and re-added) into an element that can no longer be
removed and re-added, breaking ROM-generation functions.

= So, we slightly modify our definition of Zz (formerly, Zz = 1/(s"C)).
» WWe desire to maintain consistent behavior for high frequencies, but to
modify very low frequencies to get integration dynamics. Redefine:

(sC + oog) ! ")
sC2na .

Zz(s) =

= Comparing unmodified and modified Zz(s) for wgq = 1 pHz:®

50 Bode magnltude of CPE and modifications . Bode phase of CPE and modlflcatlons
™ _— Unmodn‘led CPE (ny=719) _— Unmodn‘led CPE (ny=719)

100 L = =Modified CPE i _20 N = =Modified CPE i
= Modified, integrator removed Modified, integrator removed
o =)

o 50fr ﬁ -40

8 ©

= n

S of & 60}

© o

S b TN i e

50N -80 7
'''''' [
-100 L [ R -100 L L
10710 10 100 105 10710 10 100 105
Frequency (rad 3'1) Frequency (rad 3'1)

= Note: Behaviors are changed only at very low frequencies, so for all
reasonable frequencies this model approximates the CPE very well.

= Using these new definitions, overall impedance may be rewritten:

~1
1 1

= = = + —=
Zg(s) + R+ Zg(s) Ry + ZZ(s)

Zs(s) =

® The integrator-removed version is ZX(s) = Zz(s) — ((wa)' "(C)"47?) /s.

Lecture notes prepared by Gregory L. Plett and M. Scott Trimboli. Copyright © 2020—26, Gregory L. Plett and M. Scott Trimboli




ECES5730, MODELING ELECTROCHEMICAL IMPEDANCE 2-19

2.6: Upgrades 4&5: Adding solid-diffusion CPE, SOC dependence

m The fractal nature of pore sizes and irregular particle shapes causes
the solid-diffusion impedance also to have CPE-like behavior.

= This modifies the high-frequency portion of Z (the low-frequency
dynamics must remain unchanged, since the particles must integrate
net lithium intercalated to account for a change in state-of-charge).

= We begin by recalling Z(s) from before:
0100 — 6ol

1
IQSOODSQ [1 — s/ D coth(\/s/l_)s)] '

(- -

ZS(S) — [Uocp]/

constant dynamic

= This impedance has a pole at s = 0 (not obvious by inspection), from
which the integrator must be removed before applying the CPE.

= \We examine the dynamic term inside the square brackets and
compute the residue of the integrator pole to be:

1 _
resop = lim s i| = —3D,.

s—=0 [1 — +/s/Dscoth(v/s/ Dy)
= Integrator-removed portion of Z(s) (i.e., ZX(s)) can now be written as:
|6100—60|

1 reso:|
10800D,0 [1 —/s/Dscoth(v/s/D;) S

O100—60] | (8/Ds) +3 (l_mcmh (m))_
10800D,0 (s/Dy) (1—\/ﬁcoth(\m)) |

Z:(S) — [Uocp]/

— [Uocp]/

= Inside of Z*(s), we replace /s/D, with a constant-phase term:

Ps(s) = /s™/ Ds.
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= This results in integrator-removed and overall solid-diffusion
impedances as:

255) = [Uo] 10100—06o] [ﬁ§<s)+3 (1—ps(s) coth (ﬁg(s)))}

10800D,0 L f(s) (1—fs(s) coth (B5(s)))

10100—6| [,352(5)+3 (I—p5(s) coth (f5(s))) 3Ds]
10800D,0 [ B:(s) (1—ps(s) coth (Bs(s))) s 1

= Example frequency response of diffusion impedance shown below.

Z§(S) — [Uocp]/

Magnitude: integrator-included diffusion w/ CPE 30Phase: integrator-included diffusion w/ CPE

R nf:1
—n=0.9 -40 |
—~200 n.=0.8!7 ;
% \ f > -50 F
~ 0]
9 N S
E @ -60
& o 70}
=

\ e -
80 F — nf=0.9 ]
100 B nf=0.8

10% 10 10 10® 102 10" 10° 10" 10% 10° 10* 108 10 10 10® 102 10" 10° 10" 10% 10 10*
Frequency (rad s ') Frequency (rad s ')
MG%gnitude: integrator-removed diffusion w/ CPE 0Phase: integrator-removed diffusion w/ CPE
_nf=1 5t _nf=1 3
150 | \ —n=0.9] -10F —n=0.9)]
o L n,=0.8|1 n=0.8
%140 ‘ f @ 15 F f =
L 130 1 T 20¢F
S (0]
Z 120 3 25¢
(@]
(O] o - F
= 110 30
_35 -
100 40 F
90 L L L L ! ! ! ! ! -45 L L L ! ! n L L
10 10® 10* 10° 102 107" 10° 10' 102 10° 10* 10 10® 10 102 102 107" 10° 10' 102 10° 10*
Frequency (rad s™') Frequency (rad s ')

SOC-dependent solid diffusivity

m When seeking to estimate parameter values for a commercial cell,
using a constant D! in each electrode does not fit observed data well.
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= Here, we briefly mention a simple model of SOC-dependent solid
diffusivity that improves solid-diffusion modeling significantly.®

= Definition of D! is changed to:
DY (05) = DX 10 (07 — 1) [U2

.
7

SOC degendence

= The figures illustrate this relationship for constant D;ref.

SOC-dependent D(O")

SOC-dependent Df(6F)

1072 1072
2403 e
2 )
= s

2
ém 4 §10
© ©
© ©
[0} [0}
o 5 [oN
E107 F[—GITT Discharge E — GITT Discharge
— ——GITT Charge —1104t ——GITT Charge
5 — SOC-dep fit — SOC-dep fit
10 : | . | : . . | .
0 0.2 0.4 0.6 0.8 1 0.4 0.5 0.6 0.7 0.8 0.9 1
Absolute lithiation, 6" Absolute lithiation, 6°

Summary of interfacial model
= The modified model can be visualized using the equivalent circuit:

R G
~ Ijle fe ~fe
n Rcsl{ +C3{ n Rdl +Cdl
Ijlf + Re _ Iy
D o DOy —/\NN—1 Dy, o« D,
= st f pie se
ON + — — 4+ RCt — If—}-dl 4+ Rct _ If+d1
< > 1 Zz [—= VW A%
> Isf _f>
Uocp(es,O) f Ife

19 This model is developed in: Daniel R. Baker and Mark W. Verbrugge. Intercalate
diffusion in multiphase electrode materials and application to lithiated graphite. Journal
of The Electrochemical Society, 159(8):A1341, 2012.

Lecture notes prepared by Gregory L. Plett and M. Scott Trimboli. Copyright © 2020—26, Gregory L. Plett and M. Scott Trimboli




ECE5730, MODELING ELECTROCHEMICAL IMPEDANCE 2-22
= This interface model is more general than we are likely to need.

m |n particular, it is difficult (impossible using practical equipment and
measurements?) to identify all the model parameter values.

= Instead, we will use a simplified version (setting Ry = R = R} =0
and C = C%° = oo, and dropping some now-unneeded superscripts):

n Rdl +éd1
_ \—
VW ——— 7) _
g n Ry
(I)s —9¢ (DSf —\\\\—o (I)e
UOCP(QS,O) Ef) N N Rct If+d]
2 AW
- y I
Uocp(gss)

= For this model, Zz(s) = Zz(s) + R;, where:

_ 1 1 -
Zls) = (Rct + Zi(s) " Ra + Z&’(S))
0100 — 6ol [,352(5)+3 (1=p5(s) coth (f5(s))) 351

Z§(S) — [Uocp]/

10800D,Q | Bz (s) (1—ps(s) coth (Bs(s))) s
~ (1—nq)
Zs(s) = (Sczl(gdf;)gl_)ndl : Bs(s) =/ s/ D;

J
io= > ko j(X; —x;0)”" " (x;0)”,  Rq= RT/(ioF).

j=1
= Compare with the interface model we began with:
Uocp(es,O) . —~ 5
by, +—=— + Ja_ g R
(I)s ZS \/\/\/\ \/\/\/\—_’ (De

Uocp (Oss)

m Essentially the same, but now with inclusion of double layer and CPE.
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Summary of modified PDEs

= Note: CPE behavior cannot be written as a standard time-domain
PDE (fractional-order calculus is required, which is out of scope here).

» The CPE behavior can be modeled perfectly in the Laplace domain
for linearized transfer functions, which we do in Appendix 2.b.

» Here, | recap the PDEs for non-CPE behaviors to show how the
generalized double layer (simple model) changes them.

= The charge-conservation and mass conservation in electrolyte
equations do not change.

m Must carefully distinguish i and i;q in mass-conservation in solid.

m Solid mass conservation and kinetics add MSMR model details.

Charge conservation in the electrolyte:

In (6,
e The PDE is: aﬁ (;z (aigb +,r2ine ))) Fira =0
X

X ox
e The nonzero boundary conditions are:

_| 0 _ . 0In(6) _

o0x

e The initial condition is: ¢e 0 = —Ug,(6;0)-

Mass conservation in the electrolyte:

00, -0 _0
The PDE is: 3600g.— = y—k—0 + ity ql.
* Tear = Yoz~ oz e i
e The nonzero boundary conditions at the separator interfaces are:
00, _ion 00
Heheft — He|rjght and R_left_~ — K_I’lght_~ .
OX et OX | ight

e The initial condition is: 6.y = 1.
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Charge conservation in the solid:

e The reformulated PDE is:

G ¢, i
~57 — Uf4dl
0x2 -
e The nonzero boundary conditions are:
_ 0 _, 0 .
0" —s = 0P —¢s = —lapp-
0X " z=0 0X " |5=3

e The initial value in the positive electrode is (¢, = 0):

S,O = ocp(epo) T ocp(e O)

Mass conservation in the solid:

e The PDE for 0 < x; < X; is (note that 6, = >/_, x; and 0 < 4, < 1):

j=1
% _ 1 0 D~28x]
ot 72 oF or |-

e The nonzero boundary condition is (noting also that iy = ZJ’.ZI i, j):

. |<9100—<90|
T 7108000 "

r=1

— an
OF

e The initial condition (where 65 = 0y + z0(f100 — b)) IS
X
1+ exXp [f(Uocp(es,O) - UJO)/CUJ]

Xj,0=

Kinetics: Note the distinct usage of i¢ 41 Versus is.

i Zio,j {exp (1 —aj) fn) —exp (—a;fn)}

j=l1

iO,j - IEO,j(X — Xsgs ])w](l aj)(x )wja] (9 )1 %

n= ¢s - ¢e - Uocp(ess) - Rfif—}—dl-
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= Notice that in the notation we use,

io,; = ko j(X; — x;,0)™ %) (x,0)%,
(where iy ; has the overbar symbol) is a constant evaluated at some
linearization setpoint while:
iO,j — IEO,j(Xj - xss,j)wj(l_aj)(xss,j)wjaj (ee)l_aj s

(where iy ; does not have the overbar symbol) is a time-varying
quantity that depends on the present local value of 6. and x ;.

= Finally, we must add a description of the double layer, which includes
an equation to compute i, q from iy and ig;.

= We need to be careful to note that the double layer spans ¢, to ¢, SO
an intermediate result is:

= Oiq 0 (¢s — ¢sf)
Ry Cq— = C
a1Cal Y +iq = Cq Py

= We then recognize that ¢ = ¢. + Ryirrq;. Combining, we have:

Double layer:

RyCa— +igq = Cq ( - . )
ot ot

Ifrdl = If + a1
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2.7: Seeking full-cell impedance model

= Cell impedance is dominated by solid/electrolyte interface impedance.

= So, we might consider simplifying via a single-particle model where:
« Negative- and positive-electrode impedances are modeled as
above using parameter values representative of each interface;

« Electrolyte has additional ohmic resistance R. (includes separator).

m But, single-particle models may not be sufficient for the advanced
physics-based BMS controls applications we will study later.

= So, we need to find a full-cell impedance model using all PDEs, not
simply the solid-diffusion PDE.

= ECE5710 derived TFs from PDEs using two basic assumptions:'
A1. Linearity: We linearized nonlinear equations using Taylor series;

A2. Assumed that reaction lithium flux i¢(x, r) was decoupled from
(was not a function of) electrolyte concentration 6.(x, t).12

m These TFs can be combined to form a full-cell impedance model.

» Subsequent to introducing ECE5710, we found a different way to
derive TFs that does not require making A2 (cf. App. 2.b).

o The new method works better for constant-current events since it
does not ignore the coupling between i¢(x, t) and 6.(x, t).

= Example Bode plots shown here for parameter set listed in App. 2.1.

e “Old” TFs were derived in ECE5710. A summary of these TFs,
reformulated to use lumped parameters, is in App. 2.d.

" Simulations show that A2 is quite good for HEV-type simulations (random, charge-
neutral). A1 is less good, but nonlinear corrections help improve linear predictions.
12 |n standard notation, j(x, r) was assumed not to be a function of c.(x, t).
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o “New” TFs do not make assumption A2.

= Magnitude and phase responses for O (%, s)/I(s) for different
locations within the cell are shown below: '

Magnitude response of ®2(%, 5)/ Lupp(s) L Magnitude response of OL (X, 5)/ Lpp (5)
: 40— :

s e OdTF e OIdTF
60T x — New TF|] — New TF
. -60 & \\ ]
S 80t 13 \
) o 80r i
© ©
2100} 2
g S -100 |
© ©
= =
-120 + 120 }
-140 : ' I 140 : '
107° 190 10° 190
Frequency (rad s ') Frequency (rad s ')
q & =
Phase response of O3 (X, s)/Lapp(s) 180 ~ Phase response of ©¢(%, s)/ Lupp (s)
: ; —— Setut i o :
- — 3 =0.2|]
0 "y &=04 1601
= 20 . —i=06|] __
o> 20 * —z=08]] P
3 \ P g 1401
g 40y 2
& S 120}
o -60Ff o
8oL 100 +
-100 1 I 80 1 I
10° 1Q° 10° 1Q°
Frequency (rad s ) Frequency (rad s )

= For now, the interfacial model is still the simple model introduced in
ECE5710, without double-layer capacitance.

= Notice that the frequency responses for this variable are almost
identical for “old” and “new” transfer functions.
« This explains, in part, why the “old” transfer functions worked well.
« But, curiously, other transfer functions show greater differences,
even though they are all computed directly from @, (%, $)/ Lapp(s).

13 |1f we know Ce.0 Ee(i, $)/ Lapp(s) = ce,o@e(i, )/ Lapp().
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» The interfacial lithium flux frequency responses at different locations
within the cell are (no double layer in this example so i}, = 0):'*

g\/lagnlitude response of If“+ldl(i, 8)/ Lpp () Magnltude response of I +d1(x s)/Iapp(s)
4 L
2 -
3 S 2t
) 1T ()
© ©
2 2 9
S O >
© ©
S S
1k = 21
e OldTF e OIdTF
—New TF —New TF
2 L 4 n
10° 19 10° 19
Frequency (rad s Frequency (rad s
. Phase response of /; +d1(x, 8)/ Lapp (s) Phase response of /; +d1(x» 8)/ Lpp ()
— = () —_— =2
6F — i =02/ 1907 55,
=04 T=24
a4t —2z =06 —i =26
154 = A —% =08 D 185 |—z =28
o 2r =101 T z=3
(0] (0]
2 0 _— ‘ — 1 @
& % T 180 (eeessesssesseses
o =4 o
2+
-4t 175t
-6 1 1
10° 19 10° 19

Frequency (rad s Frequency (rad s

= Old and new TFs have |dentical dc and infinlte-frequency values.
« But, mid-frequency responses depend strongly on the effect of the
gradient of 6, on ¢., which was previously ignored by A2.

» The phase-potential-difference frequency responses are shown next.
» Low and high-frequency responses are unchanged, but
intermediate frequencies have different responses.

= [n Ch. 4, when studying time-domain simulation, we will need to
compute “integrator-removed” TFs (recall: [-]* denotes an integrator-
removed TF).

m Integrator-removed phase-potential-difference results are also shown.

% 1f we know j, we can also compute J (%, 5)/Lupp(s) = (i /F) Irrai(E, )/ Lipp(s)-
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_ZOMagnitude response of &)‘S‘_e(i, 8)/ Lapp (s) 20Magnitude response of @Y. (%, s) / Tapp (5)

e OldTF e OIdTF
30k New TF|] ok New TF|]
S 40} S 20}
[0} [0}
S 50} S 4o}
5 5
< -60F < -60f
= =
70 F -80 |
-80 : : -100 : :
107° 1Q° 107° 1Q°
Frequency (rad s ') Frequency (rad s ')
=7 ~p .
Phgse response of d)?_e(lx, 8)/ Lapp (5) 180 Phgse response of d)s_e(lx, 8)/ Lapp ()
0 B D
-200 f
o 20T >
[0} [0}
o D220+
o -40 | — 2 —
£ —ilooff £ it
—F = (). — = 2.
O 6o} _o04l] Q--2407 i =24|]
—_—7 = 0.6 —T = 2.6
—T = 0.8 — = 2.8
80k T8 -260 | i
10 1Q° 10 1Q°
Frequency (rad s ) Frequency (rad s )
-~ ~p .
3 Mag. response of [d)?_e(xl, )1/ Lapp (5) Mag. response of [(I)S_e(xl, )1/ Lapp (5)
« OWdTF « OWdTF
New TF New TF
_70 : i
o N i —
° °
g g 75
2 2
= =
& &
s s -80r
-85F
10 19 10 19
Frequency (rad s Frequency (rad s
2Phag,e response of [Q)s.e({c’ )1/ Lapp (5) 80 Phase response of [®s-e({c, )1/ Lapp (5)
01 185}
F F
g -2 $-190}
2 =0 ]| @ -
—T = —_— =
g A4r —i—o02l] S-195¢ —F=22
[a N ~ o -
=04 ) =24
6| —_—7 = 0.6 200 'V.':' —F = 2.6
— =08 ooet® — =28
— =1 —T =3
-8 : -205 :
107 19 107 19

Frequency (rad s Frequency (rad s
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= In the latter case, dc and mid-frequency gain is affected by gradient in
6. (previously ignored by A2), but limit as s — oo is unchanged.

» The solid-surface-concentration frequency responses are:'®

20Magnltude response of ® (X, 8)/ Lapp ()

A e OdTF
0 h 4 New TF|]
N,
_ .
S 20} :
()
S 4o}
5
© -60F
=
_80 L
-100 :
10° 19
Frequency (rad s
140 Phase response of @ (x s)/Iapp(s)
130 f
?
S 120}
£ 110} 7 — o2l
=04
100 f I
e = ().
=1
90

107° 19
Frequency (rad s

Magnitude (dB)

Phase (deg)

Magnltude response of @Ss(x 8)/ Lpp(s)

Frequency (rad s

e OldTF
or ° New TF|]
_50 L
-100
10° 19
Frequency (rad s
40 Phase response of © (x 8)/ Lpp(s)
_60 L
— =2
70 F —7 = 2.2|]
F=24
8ol — i = 2.6]]
— =28
F=3
-9() ¢esssssssies
10° 19

= Can remove the integrator from this variable to find (once again, [-]*
notation indicates that we have removed integrator term from TF):'®

Magnltude response of [® (x )/ Lapp (5)

t e OldTF
-40 ———— New TF|{

.50 -
-60 F
_70 F

Magnitude (dB)

-80 +

90

-100

107 19

Frequency (rad s

Magnitude (dB)

Magnltude response of [©F (x S)*/ Lapp (5)

-80

90 +

-100

110 F

-120 ¢

-130

e OldTF
New TF|]

10

Frequency (rad s

19

15 Knowing ¢, max, We can also find CS (%, 5)/ Lapp($) = Cs.max SS(x $)/ Lapp(5).
18 Knowing ¢, max, We can also find [C.e (%, $)1*/ Lapp(s) = Co.max[Oss (X, $)1°/ Lpp(5).
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200 Phase response of [® (x )/ Lpp (5) . Phase response of [OF (x 31N /Iapp(s)
— =0
190 f — 3 =02}
7 =04 101
= 1801 —_— = 0.6]] 5
T = (.8
3 170} i1 [ 8 20}
3 3
_g::s 160 g 30 F
o o
150 f
40 F
140} —
130 ' .50 '
10 19 107 19

Frequency (rad s Frequency (rad s

= Again, 6. (or c.) affects dc gain (ignored by assumption A2).

= The solid-potential frequency responses are:

46Magnitude response of CT)‘;()E, 8)/ Lpp(s) _mMagnitude response of ®F (%, 8)/ Lapp (s)

-148 m -112 3 ﬁ.
B -150 ¢ { B-114
(0] (0]
S 152k e S-116 T o
= =
D 154l < OdTFH &-118
= New TF|] =

-156 | - -120 &

-158 : -122 :

10° 19 10° 19
Frequency (rad s Frequency (rad s
Phase response of ®(%, s) / Tapp () . Phase response of @Y (%, s) / Tapp ()
—i=02 —i=2
-178 — =04 o5l —& =22
z = 0.6 T=24

— —i=08 . —i=26
D479l —i=1 | P 2f — 7 = 28]
° °
[0} o 15
@ @
£ -180 £

181} 0.5

: 0
10° 19 10° 19

Frequency (rad s Frequency (rad s

= In this case, dc and infinite-frequency gains have the same values for
the old and new TFs but differ at intermediate frequencies.

= The electrolyte-potential frequency responses are:
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Magnitude response of @2 (%, s)/Iupp(s)

\ e OldTF
80 — New TF|]
m \&
= 90
(0]
©
g S
$-100 | e
E ﬁ
-110
N
10° 190
Frequency (rad s ')
o
185 Phase response of & ().C’ 8)/ Lpp(s)
1801 £
— 175}
(@)
[0
T 170}
(O]
§ 165 —
—r = U.
% te0f — & = 0.4/
z = 0.6
155 F —F = 0.8/
— =1
150

10° 1Q°
Frequency (rad s )

Magnitude (dB)

Phase (deg)

_66Magnitude response of ®L(E, 5)/Lupp(s)

e OldTF
-68 [ —New TF|{
-70 L
-72
74k ]
_76 F
-78
-80 : :
107° 190
Frequency (rad s ')
Phase response of ®F (%, )/ Lpp(s)
170 F f
—_—F =2
165 | —7 = 22]]
=24
160 & —_— = 2.6]]
— = 2.8
=3
155 : :
10 1Q°

Frequency (rad s )

= The “old” TFs include only [®.(%, s)11/ L. (s) but the “new” TFs also
include [®.(%, )12/ I.pp (s) in these plots.

= The dc gain strongly depends on the contribution of the electrolyte

concentration (previously ignored by A2).

= I[mportantly, with this new approach we account for the dynamics that
assumption A2 was ignoring.
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2.8: Full cell impedance response

= We are now ready to build a full-cell impedance model.

= In a laboratory, impedance is measured using electrochemical
impedance spectroscopy (EIS).

= A small-magnitude sinusoidal input current (or voltage perturbation) is
applied to a cell, and its voltage-perturbation (or current) response is
monitored.
o For example, iy, (1) = M (w) cos(wt + ¢1(w)).

» The procedure assumes that cell has linear response around present
operating condition, uses small-magnitude input to ensure this.

m Therefore, (steady-state) output will also be sinusoidal of the same
frequency, but having different magnitude and phase from the input.
o For example, 0(t) = v(t) — OCV = M, (w) cos(wt + ¢d»(w)).
» Magnitude response = ratio of output- to input-signal magnitude and
phase response = difference between output and input phases:

M(w) = My(w)/Mi(w), and ¢(w) = ¢(w) — ¢1(w).

= We will see that cell impedance is related to cell frequency response,
which is H(jw) = M(w) exp(j¢ (w)).

» The cell impedance can also be expressed using our TF models.

= Start with the voltage equation (using x coordinates in electrodes):
(1) = ¢S (3, 1) — §J(0,1).

= Recall that our transfer functions compute ¢ and not ¢! directly.

= And, the biasing term is cell voltage itself in the positive electrode, so

we cannot use the transfer functions for ¢! to find cell voltage.
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= Instead, we write ¢! = ¢!, + ¢L, so (again using x coordinates):

0(1) = (#2310 + #23,0) = (¢ (0.1) + ¢:(0,1))
= (#2.3,1) + UL, 0%) + $2G, 1) + 4200, 1)

— (81.00,1) + Usy(020) + 3200, 1) + 4200, ) .
= Define debiased (linearized) voltage (where (0, ) = 0):
5(0) = v(1) = (UL, O ) — Usp(020))
= (#1.6.0+ 3. 0) = (F0,0 + 0,1)

m Then, can take Laplace transforms of o(¢) to find transfer function:
V(s)  @%@,s) N ®2(3,5) @"(0,5)
Iapp(s) Iapp(s) Iapp(s) Iapp(s) .

= Note that an impedance understanding of a cell writes:

v (1) = OCV(2(1)) — Ziapp(1)

+
0(t) = —Ziypp(2) OCV(z(7))
V(s) — 70), o)
aPP( ) —

= So, can write overall cell impedance using TFs as:
DL(3,5)  DLB,s) D0, 5)
Z(s) = — — :
Iapp(s) Iapp(S) Iapp(S)

= When applying this result, we need to be careful!

= In later chapters, we will find that we most frequently need to compute
integrator-removed versions of @ (%, 5)/ Lpp(s).
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= [f we are using integrator-removed TFs, need to add integrator term

back before computing cell impedance. That is, we'll need to
compute:

I (X, 5) [Eﬁge(x', s)]* L resg
Lpp(s) L Lapp(s) s
where, for this transfer function (cf. App. 2.e),

res? — |9100 } [ ocp ’
o }9100 } [ ocp 36OOQ
resg |9100 @P} [ CP]

Cat [O100 — 05| [Usep) — 36000
m Overall, using integrator-removed transfer functions,
®P.(3,5)1 @G, 0, —
Z(s) = — [ ( s)i|+ ( s)_[ o ( s)]+reso resy
Iapp(S ) Iapp(S ) app(S ) S
o Of course, Z(jo) = Z(s)ls= e

m Using this result, we can compute the impedance response of the cell
using new and old transfer functions.

. Cell impedance magnitude response . Cell impedance phase response

e OldTF
—New TF

0 1 -20

[an] —

Y g

g 207 = 4o0f

= (%]

5 e

8 -40f T 60}

=

-60 800220900000000000000000001 -80
10 100 10° 10 100 1 10°
Frequency (rad s'1) Frequency (rad s ')

= In this case, the “New TF” has a double layer whereas the “Old TF”

does not.
» This accounts for most of the differences between the impedances.
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2.9: Nyquist (Cole—Cole) plots

m Bode plots aren’t very helpful for visualizing an impedance response.
» Not easy to see features of interest.

= We will find it more helpful to display Nyquist-style plots.

m A standard Nyquist plot is a parametric plot (versus frequency) that
displays the real value of impedance on the horizontal axis and the
imaginary value on the vertical axis.

e This results in diagrams where most of the detail of interest is in
the fourth quadrant, which is a little awkward.

o Instead, we will plot real value vs. the negative of imaginary value.
¢ In MATLAB: plot (real (Z),-imag(z)) ;

» Results in diagrams where the detail of interest is in first quadrant.

= Even though this is not a standard Nyquist plot (because of the
flipped vertical axis), we will still refer to it as a Nyquist plot.

» Nyquist plots take a little getting used to! Let’s start by looking at
Nyquist plots of some simple circuits.

Impedance of series R-C circuit Impedance of series R-Warburg circuit
R C R Zw
W]} — —~W— A7
N N
& wy g ©
5 5
| |
Real(Z) R R Real(Z)

= The Nyquist plot of a capacitor’'s impedance (Z¢ = (jwC) ') is a
vertical line that approaches infinity at low frequencies.
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= Plot for series R—C circuit is shifted by R since Z = R + (joC)™".

= The Nyquist plot of a Warburg impedance (Zy = W/{/jw) is a 45°
line ending at the origin.

e Series R—W circuit is shifted by R since Z =R+ W//jo.
 Note that the Warburg impedance is a CPE with phase of 45°.

= Plots for parallel R—C circuit and R—CPE (known as a ZARC element)
below and to left; plot of series R—L circuit below and right.

Impedance of parallel R-C circuit Impedance of series R-L circuit
R Real(Z)
C
Capacitor - R L
S . > VW
% é" 2] |
<
E T
| R
CPE
Real(Z) R

= Since impedances in series add, can visualize Nyquist diagrams for
simple circuits by adding together simple responses.

m For example, a commonly seen cell equivalent-circuit model has
Nyquist diagram:

Impedance of cell equivalent-circuit model

Z7ARC, ZZARGC,
L R > > Zw
N
&0 )
<
g
|
¢“-;:'
R Real(Z)
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= DFN model for NMC30 cell, with Nyquist impedance of NMC30 cell
double-layer removed, has
- 1.2t
impedance as shown. @
— 09}
m |t doesn’t look a lot like the N
: 20 06}
cartoon drawing, above. =
| 03}
= Reason: No double layer.
0 L L L L
= But, new TFs can implement ° O'SReaOI?Z) (%'r91r1£z)1'2 "o
double-layer impedance.
= \WWe restore double-layer NMC30 cell with double layer
parameters to NMC30 cell and — 0% SOC

——25% SOC
50% SOC

—75% SOC
100% SOC

plot cell-impedance Nyquist plots
for different SOC values.

= The double-layer “bump” is now
clearly visible.

0.5} !
m Also clear that impedance is a //Nj |

0 |
function of cell SOC. 0 Oﬁeal(zg (md)-s 2

m Reset SOC to 80% but change IZ\IMCSO cell with double layer
temperature: see that cell o
impedance varies significantly.

25°C
—35°C
45°C

= All of these facts give us hope
that testing a cell at different

SOC values and different 0.5
temperatures will help identify ///i

model parameter values.

0.5 1 1:5
Real(Z) (mQ)
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2.10: MATLAB toolbox
m |t is very difficult to implement the TFs correctly (lots of details).

= S0, we are providing MATLAB toolbox of verified functions.

Lithium-ion toolbox functions for parameter estimation and model simulation

OCV data files

° Parameter-ID Q Legend
from lab tests > & o - settings * COMSOLFO = 9
; S8 ——— |3 s* MSOL FOM|» 3 g Excel format
Pulse data files e ROM-gen. oM = f
85 —» 2 ¢ = data file
from lab tests = spreadsheet Eg 2
£ S . Simulation-ctrl. | .| 3 ’ Gamry format
EIS data files ﬁ ° Cell-parameter 5 = spreadsheet £ ~ data file
from lab tests ™55 spreadsheet = e e
55 £ & fol MATLAB format
CC data fi i (or) o |84 data file
R i Cell-parameter S = ROMs at select T <
from lab tests G 2 ell-parameter g = o] SatseleCl| p 0 =
a2 dataset o} g setpoints = 8
D = o
85 ok = d| |[MATLAB function
Process lab- 1= Eval. transfer 5s S <
test data: — > TS functions: QC, 8 [XX]Blend 1 &o COMSOL function
process [XX] o > t £ [XX] G = < C

= Most of the functionality of this toolbox has not been discussed yet.

o The most critical parts for now are highlighted “Cell-parameter
spreadsheet” and “Transfer functions” t £ [XX] components.

m Parameter values are stored in custom-format Excel spreadsheets.

See Instructions tab for more information

Cell name name Doyle n/a
[Standard variables (0) or lumped variables (1) [lumped [1 [ [ n/a |
Cell total capacity Q 20.53599186 0 Ah
Electrolyte diffusivity / electrolyte conductivity |psi 2.23E-06 10 mol Sts?
kappa D kD -4.39E-04 0 v K!
OCP as function of Stoichiometry Uocp @(x) (-0.16+1.32*exp(-3*x)+10*exp(-2000*x)) 0 \
dOCP as function of Stoichiometry dUocp @(x) (-3.96*exp(-3*x)-20000*exp(-2000*x)) 0 Vv
Electrode Stoichiometry at 0% SOC theta0 0.0482 0 unitless
Electrode Stoichiometry at 100% SOC thetal00 0.5298 0 unitless
Lumped Solid Phase Conductivity sigma 367968.75 0 S
Lumped Electrolyte Phase Conductivity kappa 175.6521893 20 S
Solid-phase diffusivity CPE factor nF 1 0 unitless

m Spreadsheet has sections for cell information, as well as for
parameter values that apply over the whole cell, or only to negative-
electrode, separator, or positive-electrode regions.
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» Toolbox works both with standard parameter names and values and

with lumped parameter names and values.

o Simply replace “lumped” with 0 for standard parameters.

» MATLAB code 1oadCellParams.m loads spreadsheet into
workspace:

>> cellParams = loadCellParams('cellDoyle.xlsx")
cellParams =
struct with fields:
const: [1x1l struct]
function: [1x1l struct]

lumped: 1
name: 'Doyle'

m Every parameter value in the spreadsheet may be either a constant,
or a function, or a lookup table.

= They are stored internally as functions of electrode stoichiometry x
and temperature T in MATLAB:

>> cellParams.function.neg
ans =

struct with fields:

Uocp: @(x,T) (-0.16+1.32xexp (-3*xx)+10*xexp (-2000xx) )
dUocp: @(x,T) (=3.96xexp (—3%x)-20000*exp (-2000+x))
thetalO: Q@(x,T) (0.05)
thetal00: @(x,T) (0.53)
sigma: Q@(x,T) (367969)
kappa: @(x,T) (175.622+exp (20000/8.314%(1/298.15-1/T)))
nf: Q@(x,T) (0.7)
Ds: Q@(x,T) (0. OOOZ496*exp(4000/8 314%(1/298.15-1/T)))
Ea Ds: Q@(x,T) (4000)
ne: Q(x,T) (0.143473)
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kO: Q@(x,T) (31.9637+exp(30000/8.314x(1/298.15-1/T)))
Ea_kO0: @(x,T) (30000)
Rf: @(x,T) (0)
alpha: @(x,T) (0.5)
Cdl: @(X,T)(ZOO)
ndl: @(x,T) (1)
wCdl: @Q(x,T) (6.2832e-05)
Rdl: @(x,T) (0.001)
soc: Q@(x,T) (0.05+x+(0.53-0.05))

= To convert the generic functions of SOC and temperature to a specific
operational setpoint (and precompute common transfer-function
terms at the frequency vector s), use evalSetpoint .m:

>> cellData = evalSetpoint (cellParams,s,0.5,25+273.15)
cellData =
struct with fields:

const: 1x1 struct]

[
function: [1x1l struct]
1

lumped:
name: 'Doyle'
neg: [1x1l struct]
sep: [1lx1l struct]
pos: [1lxl struct]
common: [1lx]l struct]

m Functions are provided for the ten transfer functions

o t£Ifdl.mimplements It 4 (x,s)/lpp(s) forr € {n, p}.

o tfIf.mimplements I;(x,s)/Lypp(s) forr € {n, p}.

e tfIdl.mimplements I (x, s)/Lpp(s) forr € {n, p}.

o t fPhie.mimplements ®L(%, s)/Lp(s) for r € {n,s, p}.

o t fPhis.mimplements ®X(%, s)/ I,y (s) for r € {n, p}.

o t fPhiseInt .mimplements @ (%, s)/lyp(s) for r € {n, p}.
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o t fPhise.mimplements [®L (%, s)]*/Lpp(s) for r € {n, p}.

o t fThetae.m implements O (%, )/ I,y (s) for r € {n, s, p}.
o t fThetassInt .mimplements O (%, s)/Lpp(s) for r € {n, p}.
e tfThetass.mimplements [@gs()z, $)I"/ Lapp(s) for r € {n, p}.

m All of these transfer functions have same format. For example,

function [tf,aux] = tfIfdl(s,locs,cellData)

» Outputs are: frequency response t £, the high-frequency gains, the
low-frequency (dc) gains, the integrator residue res0, and other
auxiliary data that will become more important in Ch. 4.

= They are invoked by with a vector of complex frequencies s and a set
of x locations. Here is how to create a Bode plot:

clearvars; close all; clc;
cellData = loadCellParams('cellDoyle.xlsx");

omega = [0, logspace(-6,6,200)]; s = 1ljxomega;
SOC = 0.8; % Cell state of charge
T = 273.15 + 25; % Temperature in K for 25 degC

cellData = evalSetpoint(cellData,s,S0OC,T);
[Ifdl_tf,~] = tfIfdl(s,0:0.2:3,cellData);

subplot (2,1,1); semilogx(omega,20x1ogl0(abs(Ifdl_tf)));
title('Magnitude response for i_{f+dl}"'");

ylabel ('Magnitude (dB)'); =xlabel ('Frequency (rad/s)');

subplot (2,1,2); semilogx(omega,unwrap (angle(Ifdl_tf), [],2)*180/pi);
title ('Phase response for Ifdl');

ylabel ('Phase (deqg)'); xlabel ('Frequency (rad/s)"');

= And, here is how to create a Nyquist plot of cell impedance:

clearvars; close all; clc;

cellData = loadCellParams('cellDoyleCPE.xlsx");
omega = [0, logspace(-6,6,200)]; s = 1ljxomega;
SOC = 0.8;
T = 273.15 + 25; Temperature in K for 25 degC
cellData = evalSetpoint(cellData,s,S0OC,T);

Cell state of charge

oo oo
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tfPhiseInt (s, [0,3],cellData);

[phise_tf,~] =
[phie_tf, ~] = tfPhie (s, 3,cellData);
Z = —(phise_tf(2,:) - phise_tf(l,:) + phie_tf);

plot (real (1000%x2),-imag (1000%Z) ) ;
xlabel ('Real'); h = ylabel('-Imag'); title('Impedance

x1im ([0 141); ylim([O0 14]); grid on; axis square;

(milliohms) ') ;

= These two examples are included in the toolbox “CH2” folder.

Where to from here?

= Have now derived TFs of all cell electrochemical variables, and have
seen how to combine several TFs to compute cell impedance.

= Implementing these TFs requires knowledge of parameter values.

= Next chapter will show how to use known PDEs and known structure
of TFs along with cell-test data to estimate parameter values of

physical cells using lab tests.
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Appendix 2.a: Summary of new variables

m Cy [F], lumped double-layer capacitance. In terms of the standard-parameter
definition, Cy = a;,ALCq Where Cq has units [F m™2].

m Ry [Q], lumped double-layer resistance. In terms of the standard-parameter
definition, Ry = Ra/(asAL) where Ry has units [Q m?].

® iy [A], double-layer lithium flux. In terms of the standard-parameter definition,
iaq = a,ALjq/F where jg has units [molm—2s~1].

m ¢ [A], lithium flux of lithium actually exiting particle. In terms of the standard-
parameter definition, if = a,ALj;/ F where j; has units [molm—2s7].

m Z.(s) [Q], ideal particle diffusion impedance

10100 — G0 1

10800D,0 1 — /s/Dscoth (\/S/Ds)

m Z:(s) [Q], particle diffusion impedance with CPE on D,

, 10100 — Ool |:,552(S) + 3 (1 — fs(s) coth (B5(s))) 31—31
10800D,Q L B3 (s) (1 — Bs(s) coth (Bs(s))) s

Pi(s) = V Snf/bs-

m Z..(s) [Q], ideal overall solid—electrolyte interface impedance, including double layer
and film resistance

Zs(s) == [Uocp]/

25 (S) == [Uocp]

m Z(s) = Zz(s) + Ry, overall solid—electrolyte interface impedance, including double
layer and film resistance, with CPE on double layer (and possibly on D), where

_ 1 1\
Zi®) =zt
R+ Zs(s) Zg
Re = RT/(ioF)
io = ko(1 — 050)' " (0s.0)"
(sCq1 + wg) "

~2—nq|
sCy

Zcﬁ = Rdl +
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Appendix 2.b: Deriving full-cell impedance model

2-45

= This appendix examines a method for deriving TFs without A2.

= The derivation is highly detailed. The flowchart below shows the
process of the derivation, hoping to add clarity:

¢.(%, 1) PDE,
Eq. (2.1)

¢.(x, t) PDE, 0.(x,t) PDE, Interfacial impedance model
Eq. (2.4) Eq. (2.7) from earlier in this chapter

v Z 7

PDE of ¢(%, 1) W.L.t. it qi(X, 1) | | PDE of ©.(%, s) W.rt. | | ®.e(X, s) W.r.t. linearized
and 6.(x, 1), Eq. (2.14) Iera(%, 5), EQ. (2.16) | | Irrai(%, 5), EQ. (2.18)

7 7 7 <z
Equation stating PDE of linearized A second equation stating PDE of
O.(%, s) in terms of ®,.(X, 5), Eq. (2.17) O.(%, ) in terms of ®,.(X, 5), Eq. (2.19)

7 7
Homogeneous PDE for transfer function ©.(x, s)/Lpp(s), EQ. (2.20), having
solutions ©.(%, s)/Lp(s), Egs. (2.23)—(2.24)

Idl(f, S), ECIS
(2.33), (2.34)

D, (%, s), Egs.
(2.35), (2.36)

find O (%, s),
Eq. (2.37)

®4(%, 5), Egs.
(2.38), (2.39)

LV
Scale 0. (%, s) terms by j;—i, to find Iy ai(%, 5)/Lpp(s), Egs. (2.31) and (2.32)

A4 4 ~J ~J ~
Split overall Scale terms of | | Scale It q(x, s)| | Integrate Integrate
Iepa (%, s) into | | Iepa(X, s) by by particle Ierai(x, ) Ierai(x, s)
I;(%, s) and Zs(s) to find impedance to twice to find twice to find

®.(%, s), Egs.
(2.41)—(2.43)

U

<

Combine E)S_e(i, s)/Ipp(s) in both electrodes from Egs. (2.35)—(2.36) with
. (%, s)/Lpp(s) in positive electrode from Eq. (2.43) to find V(s)/lapp(s) and
cell impedance Z(s), per equations in Topic 2.8
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= Boxes shaded blue represent time domain; boxes shaded yellow

represent frequency domain steps leading to O.(%, s) /Lpp(s); bOXes
shaded in green represent TFs developed from ©,(%, s)/Ipp(s).

= First we find (%, 5)/Lyp(s); then, we find all other TFs based on it.

= For convenient reference, we repeat relevant PDEs here (remainder
are summarized in Topic 2.6).

m PDE describing solid potential ¢, in cell region r € {n, p} is

_ORNE, D)L
0= = a0, (2.1)
having boundary conditions

_, Oy(X, 1) :

r 2V — (¢ 2.2
o Py on l pp( ) ( )
Gro®L Dl g (2.3)

0X  |z=i2

m PDE describing electrolyte potential ¢. in cell regionr € {n, s, p}
(where i;, 4 (x, 1) =0) is
0 (_. (0Pi(x,t) _ _0Iln0Ol(x,1) e -
a_fé (K' (T—'_KDT af —I—lf+d1(x, t) :O (24)
having boundary conditions,
B | Y 1 T(
Ops(x, 1) LR Ta no,(x,t)

—K" =0 2.5
“ 1T ek D 0% |icos (2:5)
_Jooi(x,t) _ _olnbi(x,1) ,

—i | == T < = Iapp (7). 2.6
K ok + Kp o ia l pp( ) (2.6)

m PDE describing lithium concentration 6. in electrolyte in cell region
re {n,s,p}is
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00N(F, 1) -0 .0
3600 T =y gki a (X t) —|—lf+d1(x t) (27)

having gradient boundary conditions,

00 (x,t
LD (2.8)
oX 20
O™ (x,t 03(x,t
n L)f’) — i L)f’) (2.9)
0xX  |5=1- OX  |i=1+
003 (x 002 (X,
e 0D 00 1) (2.10)
0X  |g=a- 0X 5o+
o062 (%, 1
e D (2.11)
0X  |5=3
and also continuity boundary conditions,
0r(17,1) = 0:(17, 1) (2.12)
0:(27,1) =6°(27, 1). (2.13)

Finding form of transfer function ®%(%, s) /Lp,(s)

m |n this section, we find transfer function @g()z, s)/ Lpp(s), from which all
other transfer functions are derived in later sections.

m For brevity, we omit superscripts r € {n, s, p} assuming a generic
applicable region; when distinctions between regions become
important, we will re-introduce superscript notation.

= We begin by subtracting Eq. (2.4) from Eq. (2.1),

(0% (%, 1) | ]
B = iy q(X,1) =0
quﬁe(x t) 0% 1n 6, (x 1) i
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to find a PDE for electrode/electrolyte phase potential difference

Pse(X, 1) = Ps(X, 1) — Pe(X, 1)

O’ hee(X, 1 1 1\ .
¢ ~(2 ) = (T + t) ira(x,t) +xpT
ox K

02 In 6. (X, t)
ox2

(2.14)

o

= Linearize around 6.(%, t) ~ 0., = 1 and define 6.(%, 1) = 6.(X, t) — Oe.;
natural logarithm can be approximated using Taylor-series

111((96()2, t)) — 111(9e,0 + ée(fa t))
~ b+ 0o (X, 1)/000 = 0.(%, t).
= Then,
0%0.(%, 1)

0x?

62 _ f,t 1 1 . ~ -,
¢Se~(2 ) R~ (T + T) iryal(X, 1) + kpT
ox o kK

m We take the Laplace transform of this relationship,

P0.(F,5) 0e (i, 5)

0x? 0x? (2.15)

1 1 N _
(? + t) lra(x,s)+xpT
9} K

= On the other hand, taking Laplace transform of Eq. (2.7),
N - 82@6 X, s

Ira(X,s) = — yk Ez ) +

0X

= Substituting Eqg. (2.16) into (2.15),
2 ~ 2@ (Z
O ’0se(F,5) _ (_v-”2 ( I ;) MDT) 0*®e(F, )

Ox?2 o K Ox?

3600705 Oc(X, 5). (2.16)

I 1\ =
K

o
= At this point, we have expressed the phase potential difference PDE
as a function of only the electrolyte concentration.
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= Notice that if we can somehow find another relationship between the
phase potential difference and the electrolyte concentration, we will

end up with an homogeneous PDE in @, that can be solved.

= We start with the interfacial model found earlier in Topic 2.4
Dye(s) = Zg(s) Iera(s).
= Note, this TF is the same at every spatial location, so can also write:
Dyo(F, 5) = Zg(s) Iiral(F, 5). (2.18)

= From Egs. (2.18) and (2.16), we can also find:

2
Boe(i. s) = se<s>( ) a@)afﬁ S)+36ooqes®e<)z,s>). (2.19)

= Recognizing 0*®,.(%, 5)/05% = 0° Dy (%, 5)/0%2, rewrite Eq. (2.17):

__0*0.(X, s) _ 0%0.(F,s) 36007. {1 1\ =~
_ + 36007, = —+ = ) sO(%,
RS TR T Zaly (a +K)S (.5)

OX
—wik (1 1 kipT \ 0%0.(%, s
-|-(—W (T+T)+—D ) Ez )
Zg(s) \o Zg(s) 0x

= Rearranging, and dividing by I,,,(s) we get a fourth-order
homogeneous PDE with unitless coefficients z{(s) and z,(s):

o4 " X, 02 O X, or X,
— e( ) _ Tf(S) = e( ) _|_ T;(S) e( ) — O, (220)
0x IaPP(S) 0P Iapp(S) Iapp(S)
where,
3600qg' s 1 1 1 kpT
Ti(s) = et (__+__) _ b
Wi" Zg(s) \o" K' KT ZE(s)

3600g s 1 1
T5(s) = —_fqe (_— + _—) :
wk'Zg(s) \o" k'
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= The generic solution to the electrolyte concentration TF is then:!’

(:jr .)Z, S RN T(o)x L(s)x L(s)x
e( ) _ ylr(s)eAl(s)x + yzr(s)e—/\l(s)x + y3r(s)e/\2(5)x + ny(S)e_Az(s)x
Iapp(s)
(2.21)
where,

1

NOE / 5 (16 = i =450
1

2(s) = \/5 (rf(s) + \/(rf(s))z — 4T2r(S)).

= Note that Aj(s) and A5(s) have nonnegative real parts that tend
toward infinity as s — oo, S0, exp(A}(s)) and exp(A;5(s)) have
magnitudes that also approach infinity.

= For numeric robustness, we modify how we compute Eq. (2.21):

o First, we define spatial variable 0 < z < 1 (same as ECE5710)
where:

X, in the negative electrode

1, inthe separator region

X —
3 —Xx, inthe positive electrode.

7 An alternate generic form of the solution is (where y[(s) # 7.(s))
@g(i, s i f o~ . . f N~
—) = y,(s) cosh(A](s)X) + 7, (s) sinh(A}(s)x)
Lapp(5)
+ 5 (s) cosh(A5(s)X) + 7, (s) sinh(A5(s)X).

We have implemented both: while they are theoretically equivalent, | chose to present
the exponential rather than the hyperbolic form since we find that its numeric perfor-
mance at high frequencies is more robust in practice.
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e Second, we rewrite Eq. (2.21) as:

O!(z, 5)
Iapp(s)

— Cli(s)eArl(S)(Z_l) + CE(S)e_Arl(S)Z

+ cg(s)eAE(s)(Z_l) + cZ(s)e_AE(S)Z. (2.22)

= Notice that the input to exp(-) now always has a nonpositive real part
and so the exp(-) function will produce a finite result.

= |n this new formulation, c, (s) are related to but different from y, (s).
We will use this new formulation exclusively from this point forward.

= This solution corresponds to a generic electrode region. The specific
electrolyte-concentration solutions for the two regions will be:

o Negative-electrode region (where z = x):
02z, s)
Iapp(S)

— c‘ll(s)eArll(s)(Z_l) ] cg(s)e_Arll(s)Z

+ cB(5)eMWETD 4 eh(5)emM03, (2.23)

o Positive-electrode region (where z = 3 — Xx):
O (z, 5)

= (P (5)eMOED | (P(5)e= M0
Lopp(s)

+ cg(s)eAg(s)(Z_l) + cf;(s)e_Ag(s)Z. (2.24)
= In the separator, note that i, ;(x, 1) = 0 and ¢;.(x, t) does not exist.

= For this region then, directly from Eq. (2.7),
0% Oc(¥,5)  3600g5s Oc(X,s) 0
0x2 ILopp(s) wics  Lypp(s)

= The solution to this lower-order PDE is (where z = x — 1):
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@S S S
e(Z, S) _ Ci (S)eAl(s)(z—l) + C;(S)E_AI(S)Z, (225)
Lapp(s)
where,
3600g3 .
Aj(s) = - _qes, and there is no A5(s).
wKd

= To summarize to this point: we have found a generic Laplace-domain
relationship for @g(i, s)/ Lpp(s), Written in terms of ten undetermined

functions: c}(s), c5(s), c5(s), c4(s), c}(s), c5(s), cF(s), c5(s), cg(s), ch(s).
= Hence, to find (T);()z, s)/ Lpp(s) at some point x in the cell, we must first

solve for these ten functions by using the ten boundary conditions of
the ¢, ¢e, and 6. PDEs.

Solving for coefficients in ©.(%, s)/Lp(s)

m |f the solid and electrolyte potential boundary conditions (BCs) stated
in Egs. (2.2), (2.3), (2.5), and (2.6) are combined,

opE 0| | haw0) 00D
0x 5203 o & 0x =03
0by Eq. (2.8) or (2.11)
opeE 0| @) | 00 )
0x i=1.2 K 0x 1

m Recognizing that d¢,./0x = a(ﬁs_e/ai, Laplace transforms give:

0D (%, 5) _ Lap(s)
0X $=0.3 g
0D, (%, s lap(s) | =+ O &5 =
Se(~ ) :L()_FKDT _~®e(xas)
PY: in i 0x i=1,2
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= To solve for the unknown coefficients, we must express all BCs in

terms of the electrolyte-concentration.

= So, we reuse Eqg. (2.19) and differentiate:

_9%0 (X,

5)

a"z

Dye(X, 5) = Zg(s) (

0D, (%, s) _9°0.(7,

+ 360075 O, (X, s))

5) 00.(%, 5)

- SC(S) (

0X ox3

+ 3600g.s

).

X

» At boundaries x = 0, 3, first-derivative term disappears and we have:

0D (%, 5)
Ox%

0 O.(%, 5)

= —wikZg(s)

03O (%,5)  Iipp(s)

ox3 o

#1(5)’ (2.26)

0% Lypp(s) =03

where we have defined:

m At boundaries x = 1, 2 we have:
_0%0. (%, s
Za(s) ( )

ox3
= Rearranging,
0* O.(,s)

+ 3600¢g,.
9ed ox

1

00,(,

o

5)

app (S )

) =t

O ~
—|— IZDT—A,@e(i, S).
0x

ipT — 3600Ges Ze 0 Oc(X, s)

053 Iopp(s) Ry Za(s)

,Ul(S)

wicZe(s)  0X Lypp(s)

0 O.(%,s)

f2(s)

OX Lypp(s)

where we have defined:

(2.27)

kpT — 3600qesZse(s)

pa(s) =

l//KZse(S)
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= Since we know electrolyte-concentration equation form for electrode
regions from Eq. (2.22), can compute partial derivatives:

0 O.(z,
o (z s) _ ClAleAl(Z_l) B czAle—Alz 4+ C3A26A2(Z—1) _ C4A26—A2Z
0z Iapp(s)
(2.28)
0 0.(z, 5)

3 = clA?eAl(Z_l) — czAi’e_AlZ + C3A§€A2(Z_l) — C4A§e_A2Z.
02 Iapp(s)

(2.29)
= Can also compute derivative from Eq. (2.25) for separator region:
0 O(z, s s
O Ocl@8) _ s ng NG AN (2.30)
0z Iapp(s)

m At x =0 (" = 0), we have two BC equations:
o Combine Egs. (2.8) and (2.28):
CIATe™™ — SA" + cIASe™ — cBAS = 0.
« Combine Egs. (2.26) and (2.29):

n
1

MAN ™M — B(AD)? + cB(AD)Pe ™ — B(AD)? = 2L,

O-Il

mAtx =1 (z" =1 and z* = 0), we have three BC equations:
o Combine Egs. (2.9), (2.28), and (2.30):
K" (C]AY — A ATe ™™ + AAAS — cjASe ™) = & (c]Aje ™™ — AT .
o Combine Egs. (2.12), (2.22), and (2.25):
M4 cle™™ £ el e = cle™™M + 6.

o Combine Egs. (2.27), (2.28), and (2.29) at x = 1":
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M

—o) = S [(AD’ AT —c e e} [(AD +3A3] —cfise ™,
P

2-55

45
where we define 1} = (A})? + u5AL.
m At x =2 (z° =1 and z? = 1), we have three BC equations (notice sign
changes in positive-electrode derivatives because dz/dx = —1):
o Combine Egs. (2.10), (2.28), and (2.30):
K (ci/\i — c;Aie_Asl) = —xP (CII)AIIJ — cSAﬁ)e_AII) + c5AS — ciAge_Ag).
o Combine Egs. (2.13), (2.22), and (2.25):
¢ +cse™ =P 4 Be ™M 4 P4 e
« Combine Egs. (2.27), (2.28), and (2.29) at x =27

I p
@ [(Ap)3+/‘2 1| —chate” Mtch [(AY) "‘ﬂgAp] —cylpe "
ﬂ,p

— g

/113

m At x = 3 (z? = 0), we have two BC equations (notice sign changes in
positive-electrode derivatives because dz/dx = —1):

o Combine Egs. (2.11) and (2.28)
cII)AIfe T czAp + chge 2 c4Ap 0.
o Combine Egs. (2.26) and (2.29)

P

ap'
= All of these BCs may be assembled in matrix form Ac = b (see
below).

F(ADY e Al (A + B (AD) e Az ch(AY)’ = —

« As long as A is nonsingular and well-conditioned, can determine

constants numerically as ¢ = A~ 'b at every frequency of interest.
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Ale ™M — A} Abe™M —AS 0 0
(ADe™™  —(A] )3 (AD’e ™™ —(A})’ 0 0
’Z_IIAIII _—nArll —nA121 _—nAn —Aj —_SAie_Asl ;ESAﬁ
1 e M 1 e M2 —e M —1
A0 —le™M A YL 0 0
0 0 0 0 KAS —iSASe ™M
0 0 0 1 e M
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 11l [ o
0 0 0 0 Cch Ui/o
0 0 0 0 ch 0
0 0 0 0 ch 0
0 0 0 0 ci | | —ui/k
RPAP  —kPAPe™ RPAR —PARe M | T | 0
—1 —e_Arl) —1 —e_Ag cP 0
1
AP p —APe M A2 p —ADe™ b 1 /icP
APe™M —Arf Age A2 —Ap cg 0
__AD
(ADe™ (A}’ (ADe™™  —(AD’ | [dh] [ —wl/eP]

m Alternately, we can solve these ten equations for a closed-form
solution: this solution is given in App. 2.c.

Interfacial lithium-flux transfer function

= Derivation of O.(%, s)/ Lpp(s) unlocks remaining electrochemical-

variable TFs as they can all be written in terms of G.(%, s).
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m We begin by looking at the interfacial lithium flux.

m Recall that the interfacial lithium flux is expressed as a function of the
electrolyte concentration in Eq. (2.16):

__0%0.(F, ~
Irva(E,5) = = R0 L 3600758 ).
X

= |[n the negative electrode, we can write (z =x =0...1):

Iy (z,s - _ n n
f—l—dl( ) _ —l//Kn(Crll (Alll)zeAl(z—l) + Cr21 (Alll)ze—Alz
Lapp(s)

e (A3) MED e (A9 )
+ 36005 (e 4 che™ M7 4 el e
_ jrl1eA‘11(z—1) + jge—A?z + jgeAg(Z_l) + jze—Agz’ (231)
where the equation subfunctions j] through j; are given by:

el (—w" (A7) +3600g3s ) , i3 = e} (—pR" (A7) +36004%s ),

:n
1

)

= e (" (A2)" + 3600535 ), 13 = cf (—wk" (A3)” + 3600335 ).

m There is no reaction in the separator region because of the absence
of solid material: 17, (z,s) = 0.
= |n the positive electrode, we can write (z = 3 — x):

p
eaS:2) _jp oMb el g oot (2.32)
Lupp(s)

where the equation subfunctions j} through j} are given by:

e} (— P (AD)? +3600q7s) . = e (—wP (AD)” +36004%s)

.p
)

7 = e (R (AD)” +3600g8s) . i§ = ¢ (—wi® (AF)” +360030s ).
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Faradaic interfacial lithium-flux transfer function

= We will need to know the faradaic lithium flux i; to compute
overpotential and cell voltage; however, its calculation depends on the
exact interfacial model used.

= For the default simplified model of Topic 2.6, we can write:
7
If(i,S) — _ dl(S) _
Re + Zs(s) + Zg(s)

> = (sCa + wg)T)
Z5(s) = Rq + = :
s(Cq)="a

If—l—dl(ia S)

m Therefore,
I (%,s) Z5(s) If, 4 (X,5)
Lpp () R+ Zg(s) + Z5(s)  Lapp (5)

(2.33)

= Once I} (%, 5)/Ipp(s) is computed, it is then a simple matter to
compute I (x, s)/Lapp(s).

Nonfaradaic interfacial lithium-flux transfer function

= By similar arguments,
I &) RGHZYs) I, ()

= — _ — 2.34
Lpp () Rey + Z(s) + Z5(s)  Lapp (5) (2.34)

Phase-potential-difference transfer function

= The phase-potential-difference transfer function can be found by
using Eq. (2.18), repeated here for convenience:

(Aﬁs-e(xva S) — Zs?a(s)llcr+d1(xva S)'

Lecture notes prepared by Gregory L. Plett and M. Scott Trimboli. Copyright © 2020—26, Gregory L. Plett and M. Scott Trimboli




ECE5730, MODELING ELECTROCHEMICAL IMPEDANCE 2-59
» The negative-electrode transfer function can be written (z = x):

" (2, 5)

Lopp(s)

I q(2,5)

Lypp(s)

Z5(s) (1M e M 4 jjeteD 4 jle 5 L (2.36)

Zg(s)

('o?:

= There is no phase potential difference in the separator since @, is
undefined in that region.

= Similarly, the positive-electrode transfer function can be written:
&)E-C(ZQ s) = D AP(r— D AP . P, .p _AP
1y = 2R ([ e M RN e ) (236)

where z =3 — x.

Solid-surface-concentration transfer function

= We determine solid-surface-concentration TF in stepwise fashion:
Ou(X,5)  O(X,s) I(F, 5)
Lop()  IE.5) Lpls)”
» First term depends on particle impedance and the OCP function:
(:)Ss(i, s) Z:(s)
I(%,5)  [Usepl”
= Then, we can write forr € {n, p}:
OL(F,5)  Zis) Zgls) I a&.s)
Lpp(s) — [Ulel RY + ZE(s) + ZE(5)  Lapp(s)

(2.37)

= This can be specialized for the positive and negative-electrode
regions by appropriate substitutions of constants.
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Solid-potential transfer function

m To find a transfer function for the solid potential, we must integrate
Eq. (2.1) twice with respect to x.

m First, the electronic current that flows through the solid at any location
x is defined as i (x, 1).

= The PDE governing i (x, ¢) is (temporarily using some non-lumped
standard parameters):

0. . . -
—esA—is(X, 1) = igyal(X, 1),
ox
which has limiting cases e,Ai (0, 1) = i,pp () and e;Aig(1, 1) = 0.

» Note that we do not know either ¢, or A, but these quantities will
disappear in the derivation.

m Integrating both sides of the equation:

X o , X
—aSA/ Mdng It 4(&, s)dE
0 o¢ 0

X

e A[IME,5) — 170, 5)] = f I (& s) dé

0
e AINE, 5) + L) = / I (& ) dE

0
I(x,s) _q_ /i Ig q(&, 5) d
Iapp(s) 0 Iapp(s)

m The transfer function for Is(z, s) with respect to the input current for
the negative electrode can then be found (substituting z = x, ¢ = £):

a3z, s) /Z Ig,q1(C5 )
A —1— [ 2="""4g
s Iapp(s) 0 Iapp(s) C
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Z
0

_q _j?e_A?eA‘fZ—l +j3e—A‘fZ—1 "y el _'_jze_ASZ—l.
Aj Aj A3 A3
= Can now solve for solid potential by defining
ds(X,1) = ¢s(x, 1) — ¢s(0, t) and integrating again, giving:
@mm:__/ RYEAGLP
Lapp(s) Lapp(s)
_ N e = aAe ) (e 14 zAY
é a" (A?) a" (A})
QMO — e M 2R ™) (e - 14 2AY)
7 (83 7 (83

(2.38)

m Positive-electrode solid-potential TF is slightly different because of
the sign change in the BC at z = 0.

+P p
Res) L7 B

Iapp(s) B oP 0 ; app(S)
<

i (670 = e = afe) R (e~ 14 2A])
mFTI - p\2 + = p\2
o oP (Al) oP (Al)

(M0 — oA = zARe ) (e — 1 4 2AD)

_|_
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Electrolyte potential transfer function

= We obtain a transfer function for the electrolyte potential by
integrating Eq. (2.4) twice with respect to x.

= The ionic current flowing through the electrolyte is defined as:
a (X, 1 __ 0Inb.(x,t
Al (X, 1) = — ¢ &, 1) — kkpT - Sx ).
0X oX
= Hence, we can rewrite the electrolyte-potential PDE as:
oX

Ce — if—l—dl(xva t)-

Neqgative electrode

» Transfer function for i.(z, t) in the negative electrode is:

g A e(Z s) /er(u(CaS) d¢
app(s) 0 app(s)
AneAIf —1 e M1 n _AneASZ—l ‘ne_AIZIZ—l
o ]1 AR — ) AP + Jze 2 AR — )4 ARl )
1 1 2 2

= We now integrate again in order to find the electrolyte potential
transfer function. That is, if we define ¢.(%, 1) = ¢.(%, ) — $*(0, 1),
then:

<

n 1 n n
$L(z, t)__;z_/ Ail(c, Z)dC—KDT/

0 0

A __i / elAiN¢, 1) d¢ —ikpT / Mdé, (2.40)
K" ol
0

o] e,

where the natural log has been linearized by Taylor series.
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= First, the transfer function for [q?é}(z, t)]1 will be:

(@), 1 [ I

Lpp(s) _50 A Lipp(s) &
(1 (M) —emM = zAfeM) 3 (e — 14 zAY)
“( o (1) T ey
JIENED e A ) (e 1y zAa‘)) |
i (AD)? i (AD)?

m The transfer function for the second term is:

<

[&)Q(Z»S)]z . 0 @E(Ca s)
= —xpl d
Toon(s) o / 07 Topp(s)

0

Z
= —kpT /(C?Arlle’\rll((_l) — hATeME
0

+ AT (AN dy
= —kpT (c‘l1 (eAIll(Z_l) — e_Arll) + ¢ (e_ArllZ — 1)
+cf (™MD — M) e (e — 1))

= Qverall, electrolyte-potential TF in negative electrode is:

D" (z, 5) B [&)E(Z,S)]l [6132(z,s)]2
Iapp(S) B Iapp(S) Iapp(S) .

(2.41)

Separator reqgion

» The transfer function for i.(z, t) in the separator electrode is:
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S

Ie (Z7 S) _

Iapp (S)

= We now integrate again (over the separator region only, for now) and
use the same nomenclature as in Eq. (2.40).

E.A 1.

m The transfer function for the first term is:

[0z )], _ L ZAIS(C, Dgr= %
Lapp () KS / Lipp(s) KS

m The transfer function for the second term is:

[Biz,9)], . [ 88 s)
— —inT d
Lopp () b / 0 ILipp(s)

0

<
= —kpT /(ciAﬁeAsl(C_D — SASe™ MY dg
0

= —kpT (ci (eAi(Z_l) — e‘Ai) + ¢ (e_Aiz — 1)) .

» The overall electrolyte potential transfer function in the separator
region, now including the integral over the negative-electrode region,
can be written:

Bi(z,5) _ BL,s) | [P 9)], | [® 9],
Lipp(s) — Lapp(s) Lipp(5) Lipp(s)

(2.42)

Positive electrode

= |In the positive electrode,

p ~
gpAéle (f,S)

p ~
e — If+dl(x’ S)'
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= [ntegrating,
i AgD i
8§A/ Mdéfz/ pr+dl(§, s)dé
2 ¢ 2

0

X

SA[IG ) 2.9 = [ 19

2
X

LA 5) — Lag(5) = [ (€5
2
aEAI‘S(i’S) _1 +/)z fra9) d
Iapp(S) 2 Iapp(S)

= Changing variables, z =3 —x, ¢ =3 - ¢,

pale@ /Z Lalls)
Iapp(s) 1 Iapp(s)

m S0, the transfer function for i.(z, t) in the positive electrode is:

<.

’.

gpAIeP(Z,l‘) _ _/Z It (s s) a
© Iapp(s) 1 Iapp(s)
s (jlf(eAlf(zl) . 1) jg(e—Arl’z . e_AIf)
Ay Ay
P Ab(z—1) P, —Abz —AP
n ]3(6 2 — 1) _ ]4(6 »r—e 2))
A; A;

= We now integrate again (over the positive-electrode region only, for
now) and use the same nomenclature as in Eq. (2.40).

m The transfer function for the first term is:

(98], _ 1 /ngALf(C, 5

Iapp(s) B KP 1 © Iapp(s)

d¢
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- 1) P (eA‘f(z—l) +(1—2)AP — 1)

2 o (A1)’

5 (e_Arl)Z + (z — 1)A11>e—A‘1’ — e_AIf)
&0 (A7)’
i3 (eAg(Z‘” +(1 = 2)AS - 1)

@ (AD)°

+

+

N (e_Agz +(z— 1)ABe ™ — e‘Ag)
& (AD)°

+

m The transfer function for the second term is:

(O], o, IE CHEDY
Iapp(S) a( Iapp(S)

1

Z
_ P AP
— —KDT/cﬁ)ArfeAl(g D —cyAle Aj)e
1

p p
+ BAMETD  (PADe™

_ —;EDT(CFI’ (eAlf(Z—l) _ 1) +cb (e—A‘iz _ e—Aﬁ’)

+ cg (eAg(Z_l) — 1) + ci (e‘AgZ — eAg)).

» Electrolyte-potential transfer function in positive electrode is therefore:
e(z,5)  Di(Ls) [Pz )], [DE(z,9)], (2.43)
Iapp(S) Iapp(S) Iapp(S) Iapp(S) . .
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Appendix 2.c: Closed-form solution for TF constants

» The coefficients of the electrolyte-concentration transfer function
follow the relationship shown in the matrix form in App. 2.b.

= Can solve matrix equation numerically for every frequency of interest;
alternately, can determine closed-form solution for all coefficients.

m This appendix gives the closed-form expressions, but omits the (very
tedious, done by computer symbolic manipulation) algebra.

= To express the solution, we first define (for r € {n, p})

o =K A} (/lr coth(A}) — 4] coth(A; )) 4+ it (/lr AT — }“rlArZ)

ol = k°Aj (45 coth(A]) — A} coth(A})) — &" (ALA] — A]AY)

r __ =r=r n_p -—2A3% p
den' =o'k (a)_a) e 1—a)+a)+)

= Then, the electrolyte-concentration transfer-function coefficients for
the separator region are:

-n,n, P —AS
S K Uusw_e 1 -n n n n
¢ =— iien“ [ {AS coth(A}) — Al coth(A%)}
+ k" {Ajesch(A}) — ATCSCh(Ag)}}
~p,, P, n
+ S5 | 5P AR coth(A) — AP coth(AD))
den?
+ &P { Afcsch(A]) — Afesch(A] )}:|
p
¢S = _K(iuﬁ |: {A“ coth(A]) — Aj coth(Aj )}
en”

+ " {Ajcsch(A]) — Arllcsch(/\g)}}
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PPt eM
+ Iuii — |:ap {Ap coth(A}) — A} coth(A )}
en

+ <P {AScsch(A}) — Afesch(AS )}:|

= Coefficients for electrode regions are expressed in terms of ¢} and ¢5.

= Negative-electrode region electrolyte-concentration TF coefficients:

= m g 11 (1 ) rE e -a
Y S S
1= =g 0 (14 )+ R e - g)
b L 142 et -]

m Positive-electrode region electrolyte-concentration TF coefficients:

—2ANN-1 [ —p,— AP
p  —(d—eM) PAD kve " SAS D —AS
T % (BAT — PAD) “IAZ(H G )J”””( — )
24V 14%2) |
B — p
ch, = AL 1+ — + kA3 A —che”
PR AT A [T e Ala-art)

)
w

(1-— e_ZAS)_1 i KPe=M2 _ s
b _ PAP 1+ + SAS ;{P —cSe —Aj
oD (AEAIE . lfl)Alz)) _,Ltl 1 5P 171 ( 2 )

B - p
p  csch(A})/2 b p KPe’2 SAS D (5 s S
= G A [N R (A - e
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Appendix 2.d: “Old-style” transfer functions

= This appendix lists transfer functions derived using Assumption A2
but using lumped parameters and generalized interface model.

Negative-electrode transfer functions

= Following ECE5710 derivation procedure, but with lumped-parameter
equations and new interface model we find dimensionless variable:

[ 1 1 —
Un(s) = 5 + 5/ Z;}E(S)

= Note that (v"(s))? is a (unitless) ratio of impedances with exactly the
same meaning as before:

o Numerator is parallel impedance to electronic and ionic current of
solid and electrolyte in x dimension

o Denominator is impedance across solid—electrolyte boundary and
due to diffusion in r dimension.

= We find the phase potential difference transfer function in the
negative electrode to be:
D! (z,5)  [6"cosh(v"(s)z) + &" cosh(v"(s)(z — 1))]
Lapp () o "1 (s) sinh(v(s)) '
m Interfacial lithium flux in negative electrode is:
If, (2, 5) _ vn(s)5“cosh(vn(s)z) + k" cosh(v™(s)(z — 1)).
Lopp(s) (k™ 4 o ™) sinh(v"(s))
m Solid surface concentration can be found just as for the new model,
On(z,5) _ Z(s) Z5l) 1)
Lopp(s) - [U(I)lcp]/Rgt + Z?(S) + Z?ﬁ(s) Lapp(s) .
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= Solid potential in the negative electrode is:

&)?(Z, s)  [x"(cosh(v'(s)) — cosh((z — 1)v"(s)))
Lp(s) _[ F (" + ¢ M) (s) sinh(v(s))

N " (1 — cosh(zv"(s)) + zv"(s) sinh(v“(s)))]

(k" + o ")v(s) sinh(v"(s)) '

Positive-electrode transfer functions

= In the positive electrode, the impedance ratio changes:

[1 1 -
VE(s) =/ = + 5/\/ Z3e(s).

m The other transfer functions are simply multiplied by —1, but retain the
same form.

= We find the phase potential difference transfer function in the positive
electrode to be:
DY (z,5) [6P cosh(VP(s)z) + kP cosh(VP(s)(z — 1))]
Lapp () - o PkPVP(s) sinh(VP(s)) '
m Interfacial lithium flux in positive electrode is:
pr+d1(z, s) P cosh(vP(s)z) + xP cosh(vP(s)(z — 1))

_HdAM T P
L) ") (@ +37) Sinh(vP(5))
m Solid surface concentration can be found just as for the new model,
@gs(za s) . Z?(S) Z(%(S) pr+d1(za s)

Lpp(s) — [Ubepl RE + ZE(s) + Z2(s)  Lapp(s)
= Solid potential in the positive electrode is:
DL (z, 5) kP (cosh(VP(s)) — cosh((z — 1)vP(s)))
Lpp(s) [ F0(kP + 5P)vP(s) sinh(VP(s))
P (1 — cosh(zvP(s)) 4+ zvP(s) sinh(VP(s)))
T aP(xkP 4 aP)vP(s) sinh(vP(s)) ]
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Electrolyte-concentration transfer function

= The electrolyte-concentration transfer function can be found in a
simpler manner than introduced in ECE5710."®

» The solution can be expressed in terms cosh(-) and sinh(-) basis
functions, or in terms of exponentials.

= We find the exponential form to have somewhat better numeric
stability at high frequencies, so | present that form here:

@S(Z, S) n n n n n Ifn-i—dl(z’ S)
= C; €X $)2) + ¢, exp(— $)Z) o (§)—
e , S
e G exp(r(5)2) + exp(—r(9)2)
app (5)
®%(z, 5) p It (2, )
> = Pexp(yP(s)z) + L exp(—yP(s)z) + aP(s) ==~
TGy = e0T6)) + e 7)) + aP9)
m [n this solution, we have defined:
3600g s —1
y(s) = —— and a'(s) = —= :
K"y Ky ((v'(s5))* — (y7(s))?)

= Unknown constants determined by PDE BCs.

= These constants can be computed by solving a matrix equation
where:
) ((v%s))zz%n) O ((v%))zzzp)
b yi(s) \ o" 4 k" T yP(s) \ oP 4+ kP

18 Rodriguez, A., Plett, G.L., and Trimboli, M.S., “Fast computation of the electrolyte-
concentration transfer function of a lithium-ion cell model”, J. Power Sources, 360,
2017, 642-5.
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b, a”(s) ((vn(s))zﬁn) b, N (v“(s)(i%n + 6" cosh(v"(s))
= — = —0
2 yo(s) \ "+ k" > (6™ + k™) sinh(v"(s))
aP(s) ((vp(s))25p , o (VP () (&P +oP cosh(VP(s)))
= = —0 .
: yP(s) \ oP 4+ kP ° (oP 4 xP) sinh(vP(s)) )
and
— - -1
- ] 1 -1 0 0 0 m
Crll ey“ _e—yn _’fsys ’fsys O O 1
g SRR 2
il _ 1o 0 Vg _EV v gt by
C; - }ZP)}P }ZP)}P b4 >
D 0 0 0 0 1 —1
c b
! " >
D e’ e —1 —1 0 0 b
| “2_ |0 0 el e 7’ e’ —e"| L 6

= This matrix equation can be solved analytically by manual back-
substitution. For brevity, we omit that derivation here.

Electrolyte-potential transfer function

= Define ¢.(x, 1) = ¢ (x, 1) — $.(0, 1).

= Then, ¢,(x, t) comprises two parts:
e The first part, [(/Se(x, t)]l, can be determined via transfer functions
» The second part, [gﬁe(x, t)]z, can be determined via known c,(x, t).

= |In the negative electrode,
[&)E(Za S)]l o
Lapp(s)

a" (cosh (zv"(s)) — 1) Z
k(R + aM)vo(s) sinh(v(s)) k"4 o0
(cosh (™(s)(1 — z)) — cosh(v"(s)))
Bl (k" + a™w"(s) sinh(v"(s)) '
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= |In the separator, we then have:

[&)Z(Za O ((5n — k") tanh (@)) 1 7

Lpp(s) KO(in 4 Gm)vo(s) KN4 gn s

= In the positive electrode, we then have:

. )1, ((zzn — 6" tanh (#) _ knvn(s)) .
Lpp(s) k(" 4 aM)vn(s) kS
o P (cosh (VP(s)) — cosh (VP(s5)z))
~ &P(kP 4 &P)vP(s) sinh(vP(s))
(1 — cosh (vP(s)(z — 1))) z—1
(kP + P)vP(s) sinh(vP(s)) = kP + &P

= The second term of ¢!(z, t) is found in the time domain:

[(/;é(z’ t)]z = —ipT Inbe(z, 1).

= To compute ¢.(z, ), we must compute its two parts and add them.
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Appendix 2.e: Transfer-function limits

= We will need closed-form solutions for integrator residues and low-
frequency (LF, s — 0) and high-frequency (HF, s — oo) TF responses.

= This appendix summarizes those results.

Integrator residues

= During ROM generation process described in Ch. 4, we must remove
integrator dynamics from all TFs (then add back in later).

= [ntegrator residue of TF G(s) is defined as res; = lin% sG'(s). Then...

ELECTROLYTE CONCENTRATION: The @g()z, s)/Lpp(s) TFs do not have
integrators. So, res, = 0.

SOLID SURFACE CONCENTRATION: The LF behavior of @;S(x', )/ Lapp(s)
has integration dynamics. For the case of CPE, we define
Clhetr = (Cdl)z_”iﬂ (wg)"a~'. Then, the negative- and positive-electrode
residues are:

res” — }9?00 o (961}
0~ ~n n n n
36000 — Cdl,eff }9100 o 90 ‘ [Uocp]/
resg }9{’00 o ‘9(5)}

36000 — Cy ot [000 — 05| LU&p]”

The corresponding integrator-removed TFs are:

[O°,(%,5)]*  OL(Z,s) res]
Lop()  Lp(s) s

ELECTROLYTE POTENTIAL: EISQ()’Z, s)/Lpp(s) has no integrators: res, = 0.

SOLID POTENTIAL: The 6;(32, s)/Lpp(s) has no integrators. So, res;, = 0.
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PHASE POTENTIAL DIFFERENCE: For the case of CPE, we define

Cletr = (C’dl)z_”i“ (wa)"@~'. Then, the LF behavior of @ (%, 5)/ Lpp(s)
has integration dynamics for which then negative- and positive-
electrode residues are:

n }9100 QP} [ ocp
resy = - !
Chieit 9100 — 65| [ Usepl — 36000
reg? — — 670 — 65| [Wocpl
==

Citeir 100 — 65| [Usepl’ — 36000
The corresponding integrator-removed TFs are:
[@F (£, )] @ (f,s) res}
Lop()  Lpp(s) s

INTERFACIAL LITHIUM FLUX: No integrators in Iy, (X, s)/Lpp(s): res; = 0.

INTERFACIAL FARADAIC LITHIUM FLUX: [ (X, s)/I,pp(s) has no integrators.
So, res, = 0.

INTERFACIAL NONFARADAIC LITHIUM FLUX: I}(%, s)/Ipp(s) has no
integrators. So, res, = 0.

L ow-frequency gains

ELECTROLYTE CONCENTRATION: The @);()’c‘, s)/Lpp(s) LF gains are:
®"(%, 0) GURSEP 4 3G (R°KP + K"KP) + ge (2"K® 4 3K5kP + 6k kP)

Lpp(0) 6icn e kP Y (G0 + g3 + Go)
)z2
kg
ON(X,0)  —23"%kP + 37k kP + 248 (kK + 3k"kP) X — 1
Lpp(©0) 6k K RPY (30 + G5 + 40) =
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OR(F,0)  —gl(2RKP + 3k"%S + 6R"KP) — 3G3(R"R + K"KP) — gLR"RS
Lpp(0) 6/ %SKP Y (g1 + G5 + gb)
3 — %)?
+ ( — _) )
2KPy

SOLID SURFACE CONCENTRATION: The LF gain of @;S(;z, )/ Lapp(s) IS
infinite. The LF gain of integrator-removed [O" (%, s)]*/Iapp(s) is:

(8" (%, 0)]* @G, 0 L%, 0)
! p + 3600
I (0) Top(0) e0de 7 0)

= 20— reSOI/I
where @ (%, 0)/1,,,(0) are the LF gains of 6., from above,
}‘9100 ‘95} Cdl off (“9100 95| [Ugepl’ R; C_‘cru eff T 36OOQR3)
(Char 6500 — 5] 15,1 — 36000)
(1 - nf)Cy dl, eff 60700 — ‘95} [Usep) (écrll/a)fll).

2
(C(rll eff }9100 Q(r)} [chcp]/ o 36OOQ)

r

Zp =

_|_

and [0, (%, 0)]"/1,,,(0) are coefficients multiplying s in Taylor-series
expansion of second spatial derivative of 6. TF, which are (written in
terms of z):

~ 3600 X numn

[0,(2)]" =

18D? [Ug,1'(G8 + g5 + ge) (k)* kkPG ™y

num” = |: 3D U Ocp ( (1 — 3z%)ickP
+ 2P + 3¢5 kP (kK" + i — 77Kk®)

+ 3GPKP (2" + i&° — zzks))5“

Lecture notes prepared by Gregory L. Plett and M. Scott Trimboli. Copyright © 2020—26, Gregory L. Plett and M. Scott Trimboli



ECES5730, MODELING ELECTROCHEMICAL IMPEDANCE 2-77

#3007 (0h-0f))” @ +as+anee (T G- Do

+ (=2 + 67 =3k "+ 6" — 3z25n))i|

3600 x numP

[@//(Z)]p — — — — — — — — —
! 18D [US, (G2 + g5 + g8)ienics (ieP)? 5P 2

num® = [—31_)5 [Ub1at (éé’(l — 37%)k"%*
+ 2q i kP + 3Gk (kP + &S — 77iY)
+ 3g"k" (2P + i — ZZ;ES))5P
+30D° (|6, —062]) (q_él—l—q_;—l—q_g)k“ks(T(3z2—1);ED&p
+y((—2+ 6z —32°)kP + 5P — 3z25p))}.

ELECTROLYTE POTENTIAL: The ®L(%, s)/ I,y (s) LF gains are:

PN, 00 X2 kpTH?

Lpp(0) —  2&kM ' 2y

@5(%, 0) _ ®"(1, 0) i N kpT (F — 1)

Iapp(o) Iapp(o) K WK
®L(%, 0) _ ®3(2, 0) N B-%*-1 T (B-%>-1)
Lpp(0) Lpp(0) 2icP 2yricp '

SOLID POTENTIAL: The ®L(%, 5)/I,pp(s) LF gains are:
PN(F,0)  F(E-2) and PY(F, 00 —(GB—-FH(1-%)
Lp(0) 260 Lpp(0) 267 ‘
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PHASE POTENTIAL DIFFERENCE: The LF gain of ®_(%, s)/Ip(s) is
infinite. The LF gain of integrator-removed [E)E_e(f, )/ Lapp () iS:
[@f.(X,0)]* 20— res Ol/_/K [0,(F,0) N 36001‘680%(9%6 ,0)
Lapp(0) Lapp(0) Lipp(0)
where the ©(%, 0)/1,,,(0) and [® (%, 0)]'/I,,(0) terms are the same

as above, but where we now have:
I‘GSO

7 = glm Z5(s) —

2 _
(Ccru eft |F100 — er‘ [Usep /) Ry + (36000)° Ry,

(Ccru ett P00 — 05| [Ule,) — 36OOQ)
36000 |01 — 05| [Usepl

ocp

ocp

2
1505 (Ch e 10500 — 68] [UL,) — 36000)

2

(1 — ng) (Car/y) Ciy eff(‘eloo 05| [Ukep ) _

N TR
(Ccrn et | 0100 — 0| [Usepl” — 36OOQ)

INTERFACIAL LITHIUM FLUX: The I}, 4 (%, s)/Lpp(s) LF gains are:

a0 Fa@0
I app (O) I app (O)
INTERFACIAL FARADAIC LITHIUM FLUX: The I; (X, s)/Ip(s) LF gains are:
If (x,0) 3600Q Ifr (X, 0)

lupp (0) 36000 — Ci I, eff “9100 ‘95} [Uep] " Lapp(0)
INTERFACIAL NONFARADAIC LITHIUM FLUX: 5(X, s)/lapp(s) LF gains are:
[y (%,0) ~Cijett |0100 — 05 (U ocp] It (%, 0)
Lpp (0) (36000 — € oy 6500 — 5] LUz, ) Toro©) |
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High-frequency gains

= To find HF gains, we notice that old and new TFs have identical HF
limits and define (cf. App. 2.d):

1 —1
v, = lim vi(s) = ,/— + — /\/Rr ) :
§— 00 o’ R(r:t R(rﬂ

m Then, HF gains of the TFs of interest are listed below.

ELECTROLYTE CONCENTRATION: HF gains of @;(32, s)/ Lpp(s) are zero.
SOLID SURFACE CONCENTRATION: HF gains of @gs(i, s)/ Lpp(s) are zero.

ELECTROLYTE POTENTIAL: HF gains of Eﬁ;()’c‘, $)/ Lypp(s) are:
®!(X, 00)  cosh(vh) — cosh(v? (1 — X))
Lypp(00) N (6™ 4 k") sinh(v2 )2
o" (1 — cosh(vl X)) x
+ — — — = =
k(0" 4 k") sinh(v2 ) vl o™+ k"

(%, 00)  DNI,00) -1

Lpp(20) — Lypp(00) &
DU(F,00)  D2,00) 1 —cosh(i(F —2))
Lpp(00) — Iipp(00) (5P + &P) sinh(v2)v%
a? (cosh(vs) — cosh(vee(3 — X))) ¥ —2
B kP(aP + kP) sinh(v%)vd CGP kP

SOLID POTENTIAL: HF gains of ® (%, s)/I,y,(s) are:

O"(%,00) —k"(cosh(v2) — cosh(vl (¥ — 1))) — " (1 — cosh(v2, %))
Lypp(00) N o™ (k" + o™) sinh(v2 vl

~

X
i+ G0
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DY (F,00) &P (cosh(vi)— cosh(vi(2—%))) +aP (1— cosh(vs(3—%)))
Lpp(c0) P (kP + P) sinh(v,)v,
3—X
KP4+ gb

PHASE POTENTIAL DIFFERENCE: HF gains of both @' _(%, s)/I,,(s) and
(DL (&, $)]*/Lpp(s) are (even when ng # 1):

" (%, 00) _ g"cosh(vy X) + k" cosh(vg, (X — 1))

Lpp(c0) "™ sinh(v2,))v1
DL (X, 00)  —6Pcosh(vg(3 — X)) — &P cosh(v(2 — x))
Lpp(00) o PicP sinh(Vao) v

INTERFACIAL LITHIUM FLUX: HF gains of I; (%, )/l (s) are:
I} 4(X,00) vl [6"cosh(vL¥) + &" cosh(l (X — 1))]

Lpp(00) (k" + ") sinh(v2)
IF g (%, 00) B _vp [5P cosh(v3(3 — X)) + &P cosh(vge(2 — x))]
Lypp(00) B (kP + &P) sinh(v5)

INTERFACIAL FARADAIC LITHIUM FLUX: HF gains of If(%, s)/L,(s) are:
If(},00) Ry Ifg (¥, 0)
Iapp (OO) th + R Iapp (OO)

INTERFACIAL NONFARADAIC LITHIUM FLUX: HF gains of 1(x, s)/Ipp(s):
Iy (X,00) R}, If 4 (X, 00)
Lipp (20) R + RG Lapp (20)
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Appendix 2.f: “NMC30 cell” parameters used in examples

m Parameter values for the

Graphite NMC111
“NMC30 cell” used in UiV Xi e UiVl X5 o
0.0887 0.1672 0.0631  3.7467 0.3559 1.8350
examples are tabulated 0.0913 0.2076 0.0140  3.9215 0.0330 1.3443
here. 0.1305 0.1979 0.0314  4.0459 0.0734 2.6936
0.1330 0.3157 1.1177  4.4178 0.3711 8.2197
.MSMR_model Values are 0.2164 0.0591 0.0728 7.0845 0.1666 3.3176

0.3673 0.0395 3.2005

tabulated to right. 1.2093 0.0130 10.7190

» Cell parameters in standard format are:

Symbol Units Negative electrode Separator Positive electrode
L um 46.6 18.7 43
R um 6.3 — 2.13
o Sm™! 1000 — 10
& m3m—3 0.4925 — 0.5724
Ee m3m~3 0.292 0.3949 0.209
brug — 1.52 1.62 1.44
Cs.max molm~3 31390 — 48 390
6o — 0.014 — 0.9615
6100 — 0.884 — 0.4352
D rof m?s~" 2.6463x 10714 — 7.6885x10716
Knorm molm?s™ 1.5401x10~* — 1.0426x10™*
P — 0.5 — 0.5
Ral Qm? 1.9426x10~* — 6.162x107>
Cal Fm~2 1.47 — 0.198
R¢ Qm? 9.713x10~* — 6.162x107*
A m? 1.7775
Ce.0 molm~3 1000
De m2s™ 2.7945x10710
1) — 0.26
R. mQ 0.534
dln fi/dInce — 0

b
We compute oef = o e

g

brug
y Keff = K&e De,eff =D

efe

bru

£.In the electrolyte, « is a function of c.:

K(ce) = ¢e(0.0420 — 1.0972 x 10™>¢, + 0.0132 exp(—0.0022¢.))>.
OCP functions are evaluated using the MSMR parameters; nf = n};, = 1; 0 = 27 x 107.
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m Cell parameters in lumped format are:

Symbol Units Negative electrode Separator Positive electrode
G S 1.3 x 10’ — 185109
K S 6199 22274 4580
o — 0.014 — 0.9615
0100 — 0.884 — 0.4352
Dy ref s 6.6674 x 10~ — 1.695 x 107
e Ah 0.876 0.4754 0.5786
ko A 288.67 — 619.9
o — 0.5 — 0.5
Ra Q 1x107° — 1 x107°
Ca F 28.556 — 12.2
Ry Q 5% 1073 — 1 x 1073
0 Ah 29.86
% \Y, 0.0345158
KD VK —1.275x 1074
R. mQ 0.534

OCP functions are evaluated using the MSMR parameters; n} = n}j, = 1; o} = 27 x 107°.
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