ECE4710/5710: Modeling, Simulation, and Identification of Battery Dynamics 6—1

Reduced Order Models of Cell Dynamics

6.1: Approach and first steps, leading to R and R, .

= \We have now seen the approach to convert a continuum-scale PDE
to a discrete-time ODE via finding transfer functions and the DRA.

= We now find all cell transfer functions, run the DRA, verify results.

cell scale empirically empirical
based :
ODEs modeling

predictions
empirical system ID

physics-

molecular micro— continuum— cell scale physics—
(particle-) based based

scale PDEs scale PDEs scale PDEs ODEs

direct parameter  direct parameter  volume created via model-
measurement measurement averaging order reduction

= Specifically, we have now implemented fs,e(s)/J(s), which allows us
to compute lithium surface concentration for a single particle at a
single x location if we know the lithium flux at that point, j(x, 7).

predictions modeling

= We have reduced the infinite-order radial pseudo dimension to a
small finite order ODE. However, we still need an infinite set of these
ODEs if we are to solve for what is happening at every x coordinate!

= We specialize to a 1D cell model, following the approach of Smith et
al. allowing us to solve for any desired set of cell variables at any
desired set of x locations, with a single small finite-order ODE.'

! Smith, K., Rahn, C.D., and Wang, C-Y, “Control oriented 1D electrochemical model of
lithium ion battery,” Energy Conversion and Management, 48, 2007, pp. 2565—-78.
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ECE4710/5710, Reduced Order Models of Cell Dynamics 62
= We initially focus on modeling negative-electrode variables. We’'ll see
later that it is simple to generalize to the positive electrode.

= We make two fundamental assumptions when creating the
reduced-order models:

1. We assume linear behavior: We linearize nonlinear equations
using Taylor series;

2. We assume that the reaction flux j (x, s) is decoupled from (not a
function of) the electrolyte concentration c.(x, s).

m Begin by linearizing the Butler—Volmer kinetic relationship. Recall:

. k 1—0(( )1—0( a (]. —OC)F OCF
= KoCe Cs,max — Cs,e Cs,e X — —€eX T ’
J 0 , , : p RT n p RT”

where n = ¢ — ¢ — Uocp — F Rfiim J -

» Note the new term, F Rsimj, which models the voltage drop due to
flux through the ionic resistance of the electrode’s surface film.

= We write, where we define ¢;., = ¢ — o,

J (1—-a)F .
= exp | ——=— (¢s-e — Uocp — F R
kOCel_a (Cs,max_cs,e)l_acs,eoC b ( RT (¢ ocp fllm])

oF :

— CXp (—ﬁ (¢hs-e — Uocp — FRfiIm])) :

= Note that j appears on both sides of this expression, and because of
the nonlinear nature of the RHS, we cannot solve for j in general.

= Our approach is to use Taylor series on both sides of the equation
separately to make a linear approximation.

= The linearization set-point p* is defined as: p* = {¢;.. = ¢;.0, ¢ = Ce.0,
Ps-e = Uocp(cs,o), Jj = 0}.
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ECE4710/5710, Reduced Order Models of Cell Dynamics 6-3
m Then, linearizing the LHS, we get:

oLHS oLHS oLHS
LHS ~ LHS(p*) + (Cs.e—Cs.0) + (Ce=Ce0) + ———| J
s,e p* Ce p* 5] p*
=0+0x (Cs,e — CS,O) +0 x (Ce - Ce,O)
1 .
+ J

kOCe,Ol_OC (Cs,max - Cs,O)l_aCs,Oa
= Jj/Jo-

= Linearizing the RHS, we get:

0RHS oRHS
RHS ~ RHS(p*) + (¢s-e - Uocp(cs,o)) + (Cs,e — Cs,())
a¢s-e p* Cs,e p*
N oRHS| .
— | J
0] o
B F F | 0Uocp
=0+ RT (¢s-e Uocp(cs,O)) RT |: 0Cs.c CSO:| (Cs,e CS,O)
B F?Riiim .

RT
= Equating the linearized LHS = RHS, and defining ¢;.. = ¢, — ¢5,0 and
és-e — ¢s-e - UOCp(Cs,O)s we get

j F 3 F | 0Uocp
jo RT™° RT| ac,

z _FZRfiIm.
LT TR
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RT

JoF?*

= Before proceeding we take a brief diversion to make a transfer
function for . Rearranging the prior result gives

if we define the “charge transfer resistance” Ry =

J F (Ret + Riim) = ¢s — ¢ — Uocp(cs,0) — {
= Notice that the last two terms are a Taylor-series linearization of
Uocp(cs.c), SO We re-write as
JF(Rct + Rfim) = @5 — P — Uocp(Cy,e)
JFRt = ¢ — e — Uocp(cs.e) — F Riimj = 1.
m S0, we have that #(x,t) = FRyj(x,1),

« This helps explain the “charge transfer resistance”

terminology—it’s the “resistance” of the “activation polarization” of
the Butler—Volmer equation, or the voltage drop beyond OCP over

the interface between solid and electrolyte.

= We define a solid—electrolyte surface resistance R, . = Rt + Riiim-

Then,
ancp

0Cs.e

jFRs,e — ¢S-e - Uocp(cs,O) o |:

Cs,e-
Cs,0

= We'll keep these results in our back pocket for now, and proceed to

look at the cell potentials ¢, and ¢..
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6.2: Next steps, leading to impedance ratio v2(s)

= QOur first step is to define a dimensionless spatial variable z = x /L,
where L is the electrode thickness.

e The location z = 0 represents the current collector interface;
o The location z = 1 represents the separator interface.

m Recall the solid-phase charge conservation equation, with normalized
variable z,

Ooft 0%
L_ezﬁ¢s — asF]s
. . a Ky —I a S
with boundary conditions 2 S| Tl ang 25|
L 0z |, A 0Z |,

m Also recall the electrolyte-phase charge conservation equation, also
normalized

Keft 0° Kp.eff 0
— @, ———1Inc, = —a,Fj,
20277 12 o0p /
with boundary conditions
oQp dlnc
Keff— + KD _eff - =0
0z 0z 7=0
Keff Oe I Kp,eff0Inc, . —lapp
L 0z L oz |, A

m By assumption 2, we ignore the electrolyte concentration, giving

Keff 07
?8—Z2¢€ = —a,Fj,
. " 0P, OPpe —l
with boundary conditions ¢ _ 0 and "% )
0z |, Loz|_, A

» We subtract these two PDEs to arrive at a single static PDE for phase
potential difference ¢,.. = ¢; — ¢,
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o2 1 1
_2¢s-e — asFLZ (_ + _) ]

0z Oeff  Keff
. " O Q- —Keff O —i
with boundary conditions Z<" boe|  _ THeftObse|  _ Zlapp
L 0z |, L 0z |, A

= WWe would like to be able to write a homogeneous PDE in terms of ¢;.,
by eliminating ;.

= Recall our earlier result: ¢,, = FR,.j + [

m Proceeding by taking Laplace transforms (and noticing that all signals
are functions of both time and space),

U ocp

Cs,e

&)s-e(za S) — FRs,eJ(Z: S) + |: j| a,s,e(Za S)'

Cs,0

m To treat the rightmost term, write

Cs.e(2, )
J(z,5)

= We have already determined the transfer function fs,e(s)/J(s) for a
single spatial location from the Jacobsen—West paper.

Cselz,5) = J(z, ).

= But, in the solid, we are assuming that diffusion happens only along
the r dimension (not the z dimension), so transfer functions at every
location z = z, has the same form as every other, and we can write

Cse(z,5)/J (2, 5) = Cyos)/J (5).
m This gives (remembering that f = R,+/s/Dy)

(e e

aCs,e
=F|R,,+ Uocp K : J(z,9).
’ 0¢se |, | FDs L1 — B coth(p)
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: 7 82&s-e a2¢s-e
= Note that since ¢;.. = ¢s-. — Uocp(cs.0), We also have — ,
’ 07> 072

SO we can write

8%Ps-o(z, t (1 1
! (ZZ ) =a,FL* | — _\ J(z, 1)
0z \Ocff  Keff )
8D, (z, (11
OIS Y (AN R 7
0z \Oeff  Keff )

O eff Keff

R; 1 —1&)
Cs.0 FDS |:1 — IBCOth(IB):| S-e(Z, S)

_ _Iapp(s)
A

with boundary conditions

O eff aEIv)s-e(za S)
L 0z

— Keff aEIv)s-e (Z: S)

=0 L 0z

z=1

m For convenience of notation, we define dimensionless variable v(s) as

ag ag oU
)= L[ % 4 / Ry, + | LWoee
Ocff  Keff 0Cs.e

= Note that v?(s) is a (unitless) ratio of impedances:

R, 1
co | FDs [l—ﬁ coth(,B)i|'

o Numerator is parallel impedance to electronic and ionic current of
solid and electrolyte in x dimension

o Denominator is impedance across solid—electrolyte boundary and
due to diffusion in r dimension.
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6.3: Negative-electrode transfer functions

= Substituting v(s) gives us the homogeneous PDE
0’y (2, 5)
07>

= The generic solution to this PDE is

— vz(s)&)s_e(z, s) = 0.

&)S-e(z, s) = ki cosh(v(s)z) + k; sinh(v(s)z),
where k; and k, are chosen to satisfy the boundary conditions.

= As our boundary conditions are written as gradients, we differentiate

00;.(z, .
a(Z $) _ kiv(s) sinh(v(s)z) + kav(s) cosh(v(s)z).
F4
= From the first boundary condition, we have
00;.(z, —1
O eff (Z S) — @kzv( ) — app(S)
L 0z 7=0 A
Ky — —Iapp(S)L
) :
Aoeiv (s)
= From the second boundary condition, we have
— aEIv)s-e > _ I —1 L ]
Keff (z,8)| _ —FKeff kv (s) sinh(v (s)) + 2pp($) cosh(v(s))
L 0z =1 L | O eff .
_J ket [ —1 L ]
app($) _ TKeff kiv(s) sinh(v (s)) + app(5) cosh(v(s))
A L Ao i

kiv(s) sinh(v(s)) = % [1 + :_i:COSh(v (s)):|
B Tapp(s)L 1 1
~ Av(s) sinh(v(s)) |: i cosh(v(s))i| .

Keff O eff

1

~

» Substituting these values of k; and k, into @,..(z, s) gives
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b _ Tapp(s) L 1 1
Duela: 8) = ) sinh (0 () [Keﬁ T COsh(v(s))} cosh(v(s)z)
_Iapp(S)L .
Aoev (5) sinh(v (s)2)
EIv)s-e(Z, S) B L 1 1
Iapp(s) ~ Av(s)sinh(v(s)) [Keﬁ cosh(v(s)z) + %cosh(v(s)) cosh(v(s)z)

— L sinh(v(s)) sinh(v (s)z)].

O eff
= Some trigonometric manipulations give us the following final form

D9(z, 5) L”eg[ oo cosh(V"®9(s)z) + Ky cosh(v™®9(s)(z — 1))]
Lapp(s) A0 g K e V€9 () sinh(V"eI(s))

= Finding ®@,..(z, s)/Iapp(s) is key to unlocking all other transfer
functions.

= We now proceed to find all other negative-electrode transfer functions
very quickly.

m \We can now write
J(s) | J@s) Belzs) v B
Iapp(S) (I)S'e(zb S) Iapp(s) ag FL2 ( _|_ L) Iapp(S) .

Keff Oeff

m Expanding gives,

J"9(z,8) g ( )agffg cosh(v"®9(s)z) + Kggg cosh(v"®9(s)(z — 1))
—_——— =V S .
Lapp(s) a?egFL”egA(Kgﬁg + aeff %) sinh(v"e9(s))

m Using this result, we can also write

gs,e(zas) . gs,e(ZaS)J(Z:S) . Ry |: 1 :| J(Z:S)
Lipp(s) — J(z,8) Iapp(s) Dy |1 — Ry\/s/Dycoth(Ry/5/Dy) | Iapp(s)
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ECE4710/5710, Reduced Order Models of Cell Dynamics 6—10
= Expanding, we get our final form:

Tapp(s) a;*  FLM9AD{™ (i + 04 °) sinh(v"e9(s))

M { o> cosh(V"®9(s)z) + x e cosh(V"®9(s)(z — 1))}

}degvneg(s)

1 — R{®%/s5/Dy%° coth(R;*%/s/D;"°)

= Finally, we wish to develop a transfer function for ¢(z, t).

m Recall the differential equation that governs ¢;:
Oeff 0° :
Fa_z2¢s =a;Fj.
« Taking Laplace transforms, we expect to have to perform a double
integral of J(z, s) to arrive at the transfer function we want.

« We must also add back in any constants that may have
disappeared from the original relationship via differentiation.

= We begin by defining i,(z, 1) [Am~2] to be the electronic current that
flows through the solid at any z location.

1 ) ) .
« The PDE for i,(z, 1) is: —Z%(“) — a,Fj(z,1).
<

o We have limiting cases ¢,i,(0, ) = iapp(?)/A and i;(1,¢) = 0.
» The transfer function for I,(z, s) with respect to the input current can
then be found as:

I (z, 1 L J(Z,
g &) =——aSFL/ &5) 4
Iépp(s) A 0 Iapp(S)
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oeff (sinh(v(s)) — sinh(zv(s))) — Kett sinh((z — D) (s))
B A(Keft + Oeff) sinh(v (s))
where we have solved the integral using Mathematica.
1,(0, s) _ l and I(1,s)
Iapp(S) A Iapp(S)

= We now wish to find ¢,(z, t) from i, (z, t).

m As a test, note that ¢, = 0, as we expect.

» The differential equation we wish to use annihilates the value of
&s(0, t) which cannot be solved by directly integrating i, (z, 7).

o So, we define ¢,(z, 1) = ¢,(z, 1) — ¢5(0, 1) and proceed.

= We compute ¢,(z, 1) by integrating i,(z, 1):

®,(z,5)  Le; [TL(,s)
- /Iapp(s)

Iapp(s) N Oeff
= We again lean very heavily on Mathematica to find

d¢.

D59z, 5) B _Lneg[ ai (cosh(v™®9(s)) — cosh((z — 1)v"9(s)))
) AT G 4 o709 sinh (173 s))
:f?g (1 — cosh(zv"®9(s)) + zv"9(s) sinh(v“eg(s)))]

+ ne ne ne
O ot g(iceffg effg)v”eg (s) sinh(v"€9(s))

@, (0, 5)
app(s)

= Because, for a cell, we define ¢;(x, t)|,_o =0, bs(z,1) = ¢4(z, 1) for the
negative electrode.

m As a test, note that

= 0, as we expect.

m |t's slightly more complicated for the positive electrode, as we will see.
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6.4: Positive-electrode transfer functions

m So far, we have focused on negative-electrode variables.
= We now derive transfer functions for the positive-electrode variables.

m Starting with ®,..(z, s), the derivation for the positive electrode
remains unchanged up until the point where we find that
02®,.,(z, 5)
072
= However, the boundary conditions are different. To be careful, we

write them in terms of x rather than z:

Go 8&)s-e(X, S) — ffa&)s-e(xa S) _ —Iapp(S)
® oXx =L tot ° ox =] tot_J pos A

— vz(s)a)s_e(z, s) = 0.

= As with the negative electrode, we define z = 0 at current-collector
boundary and z = 1 at the separator boundary. That gives

X = LtOt _ ZLpOS.

= To re-write these boundary conditions in terms of z, note that
0Py _ 0Pye0X | p0s0Pse

0z ox 0z ox
= This allows us to write
O eff a&)s-e(ZaS) . _Keffa&)s-e(zas) . ‘|‘Iapp(s)
Lpos 0z o LP oz - A

= Sign changes cause k; and k, to have equal magnitude but opposite
sign from previous result.

m Therefore, for the positive electrode,

P2 (z, 5) _ —LPoS [g 5 cosh(vPOS(s)z) + kL~ cosh(vPS(s)(z — 1))]
Lapp(s) Ao G k5 VPO (s) sinh(VPOS(s))

)
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o We can compute ®P%(z, s) = ®P%(z, 5) + Ubgy (7).

s-e

= Likewise, since everything depends on ®,..(z, s),

JPS(z, 5) pos )U;c?s cosh(vP°®(s)z) + Kgf?s cosh(vPs(s)(z — 1))
_— = —)) R) .
Tapp(s) a’*°F LpOSA(Kgf?S + agf?s) sinh(vPOS(s))

and

Effés(z, s) _ a;c?s cosh(vP%(s)z) + Kgf?s cosh(vP%(s)(z — 1)) y
Tapp () aP°® F L pos A DP°° stcf)s + agf?s) sinh(vP°S(s))

RYvPOS ()
1 — RP*® /s/DP) coth(RP**\/s/DP%) |

« We can compute C,.(z, s) = Cs..(z, 5) + ¢5.0, Where ¢, is the
linearization set-point value for the positive electrode.

= Finally,

&)EOS(Z’ s) B LPOS|:Kepf?S (cosh(vpos(s)) — cosh((z — I)UPOS(S)))
Lapp(s) AO';?S(K;?S + O.;?S)vpos (s) sinh(VPOS(s))
agf?s (1 — cosh(zvP%(s)) 4+ zvPS(s) sinh(vpos(s)))]
AcB (kBT + o5 *)vPos(s) sinh(vPos(s)) |

_|_

« We could compute @,(z, s) = ®,(z, s) + ,(0, 5) if we knew what
d, (0, s) was. Unfortunately, we do not, at least so far.

o We do know that it is the overall cell voltage, which we shall learn
how to compute later on.
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m These transfer functions are mathematically very messy and have an
infinite number of poles and zeros (and we’re just getting started!).

m But, a small state-space model can very closely approximate them.

= As a clue that we may be able to do this, we first see some Bode
magnitude plots, which look pretty normal, for the most part.

e Magnitude of J"®9(z, 5)/ Iapp(s)

__-1g}
o)
T 120}
S
S22
c
2= 0 —os
= -126f|— 0.2 —0.8
— 0.4 1
-128 ' \ :
10° 107 107 110O 10°
Frequency (radsec™')
100, Magnitude of Co2%(z, 5)/ Lapp(s)
. 80f

— 0 —0.6
20f|— 0.2 —0.8
—0.4 1

-5 -3 I-1 1

10
Frequency (radsec™ ')

Magnitude (dB
N

= The DRA from notes Ch. 5 is
able to convert these transfer
functions into a low-order
state-space model that works
very well.

|
N
[6)]

|
(&)
o

Megnitude (dB)

|
(o2}
O

1&82&

— 0.4 1

10°

—_
o |

107 N 1 10" 10°
Frequency (rad sec™ ')

Magnltude of [CL9(z, s)] /Tapp(s)

w
o

Magnitude (dB)

|— 0 —0.6

\

10
—0.2—0.8
—0.4 1
0
107° 1 10’
Frequency (rad sec
" Magnitude of 7%z, $)/ Iapp(s)
— /
m = . :
E_118 T —
© 120t
3 [ —
= 1220
—02—0.6 — 1
(@)
©-124r|
s 04 0.8
~126} ;
-128 ' ' ,
10°° 107 107 10° 10°

Frequency (radsec™')
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6.5: A one-dimensional model of c.(x, ¢): first steps

= The goal of the next sections is to provide an ODE solution to the
PDE equation of lithium concentration in the electrolyte:

0&e(x)ce(x, 1) =V - (Deeit(x)Vee(x, 1)) + as(x)(1 — t—(f)')j

ot
where the boundary conditions are,
0c.(0, t dc, (L ¢t
L =0 and ce( ) =0,
oXx oXx

and the initial distribution is c.(x, 0) = c,.0.

ASSUME: We assume that D, ¢ and ¢, are uniform (constant) over each
region of the cell, but may have different values in the negative
electrode, separator, and positive electrode.

= We also define ¢.(x, t) = c.(x, t) — c.o. This converts the PDE into
one that can be solved via transfer functions

Oge(x)Ce(x, 1) —V. (De,eff(x)Vée(x, 1)) +as(x)(1 — tg)j

ot
where the boundary conditions are,
0¢.(0, 0c. (L', t
L =0 and Ce( ) =0,
ox ox

and the initial distribution is ¢.(x, 0) = 0.

m \We desire to show that the reduced-order solution involves first-order

ordinary-differential-equation “modes,” each having the form:
d

~

_en:_/ln~ent .nts
3. Cen(t) + ju(t)

where the electrolyte concentration is the weighted summation:
Co(X, 1) = D Con(t)P (x5 ).
n=0

m \We then derive a transfer-function Ee(x, 5)/Iapp(s) based on c.(x, ).
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Sturm-Liouville problem and Green'’s identity

= In the course of solving for the transfer function, we’ll find that we can
write the PDE in terms of a Sturm—Liouville problem, which is an
ordinary differential equation having the general form

d d¥(x)
— [p(X) ™

dx
over the finite closed interval [a, b].

:| +gxX)¥Y(x) 4+ Awx)¥Y(x) =0,

» We don’t prove it here, but it is important to note that the solutions
to the Sturm—Liouville problem give real eigenvalues 1, that can be
orderedsuchthat 1, <A, < A3 <--- <1, < -+ — 00.

» Corresponding to each eigenvalue 4,, is a unique (up to a
normalization constant) eigenfunction ¥ (x; 1,) that has exactly
n — 1 zero crossings in (a, b).

o The eigenfunction ¥ (x; 4,) is called the nth fundamental solution
satisfying the regular Sturm—Liouville problem.

» The normalized eigenfunctions form an orthonormal basis with
respect to the weighting function w(x)

b
[ 29 2oe) 3 = b
where d,,, =0ifm £#nand o, =1 if m = n.

» Solving Sturm—Liouville problems requires Green’s identity, which can
be proven as follows: Define a linear operator, L,
d

d
L= o [p(x)a] +q(x).

m The Sturm—Liouville can then be rewritten as,

L(Y)+ Awx)¥Y =0.
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m For any two functions, » and u, we can write

e
p() - | +aw
X

L) =

d
p(X)% + g (x)u.

L(u) =

dx
d
d

= Multiplying the first equation by u, the second equation by v, and
subtracting gives,

o) — oz = u L (,2) 4 d (,du
u D) —0U u) = u—- uqv — v— — ] —oqgu
ax Pax ) T TP Pax ) —

d ( do d du
=u—\p—)—ov—|p—).
dx \pdx dx pdx

= WWe integrate by parts to get

[ i () i (r) ]
= [va (pa) ae [ o () o
el - [ ()

Ll - L@ @)«

= The integrals in the RHS cancel, yielding Green’s identity,

b b
/ [uL(v) —oL(u)] dx = p (ud—v — vd—u)
a dx dx

-

Setting up the solution

» We use the “separation-of-variables” approach to “solve” the PDE.
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o We first find an infinite series of eigenfunctions and eigenvalues.

» We then use only the first few terms of the expansion.
= We begin by solving the homogeneous PDE (with j = 0).

» Solving the homogeneous boundary value problem gives the
eigenvalues 4, and the eigenfunctions ¥ (x; 4,) that are used for
both the homogeneous and inhomogeneous solutions.

o We then generalize this solution to find the forced PDE solution.

= The homogeneous problem is given by,
0C.(x,t 1 0 0C.(x,t
( ) — De,eff(x) ( )5
ol g.(x)0x 0x
with the same boundary conditions and initial conditions as before.

= There are also internal boundary conditions where the three regions
of the cell join. First, we assume continuity:

Ce((L"9) 7, 1) = C. (L") ", 1)
Co((L"0 + L3P)7, 1) = G, ((L™9 + L%*)™, 1).

= We also need to say something about the slope of the concentration
function on either side of an internal boundary.

= Notice what happens when we use the product rule on the RHS of
the PDE:

0 aEe(x:l‘) 8256(-)691‘) a5.e(x>l‘) oD, eff(x)
—Deeii(x) ———— = Deefi(x)———+ | ——— )| | ———) .
ox eff(X) ox eff(x) ox2 + ox ox

= There is no physical problem with the first term in this expression, but

the second term has Dirac delta functions at region boundaries in
general because of the discontinuity in D, ef(x).
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» This doesn’t make physical sense, so we constrain the solution to

zero out these delta functions

0 0Ce(x, 1)
— D, e (X)) ——— =
ox

at the boundaries where x = L"®9 or x = L"®9 + L°°P. This gives:
og 2L, 1) _ sep D(L"™9)*, 1)

- I
fim De’eff(x—'_)% — D, eff(x7) aceg; -

xt—x——0 xt —x—

=0

e, eff Ox — Te,eff Ox
sep OCo((LM9+ L) 7, 1) 105 0C((L"0 + L)™', 1)
e, eff = D, o .
s ox > 0Xx
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6.6: Solution to the homogeneous PDE

= The separation-of-variables method assumes that the the solution
can be broken up into the product of a function of time only, A(¢), and
a function of position only, ¥ (x):

Ce(x,1) = h(®)¥(x).

» Substituting the assumed form into the original PDE gives
dh(t) 1 o 8‘I’(x)

) = 5 Dean(@h()

= \We separate time-dependent variables on one side, and position
dependent variables on the other,
1 dh(r) 1 a 8‘P(x)
h(t) dt - c(x)¥(x)ox Deett(x)
= Since the LHS is a function of time only, and the RHS is a function of
position only, and they are equal for all time and all position, they
must both be equal to a constant.

dh(t)
T~ iny
L Do = e o).

= Note that there are an infinite number of 1 that solve these equations.

= S0, we rethink the notation and change i(r) — h(t; 1) and change
V() — Y(t; 1). Rewriting,

dh(t; 1)
S = (1 )
0 De) D e W ).
O0X O0X
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= The solution to the first equation has the form,
h(t; ) = h(0; e ™.
m Each of the eigenfunctions ¥ (x; 1) is divided into three parts: one for
each cell region.

= For the negative electrode, we have (where k; and k, are (possibly)
functions of 4, but this dependence has been omitted for brevity),

e,eff e eff

P (x; 1) =k cos(\//lggeg/Dnegx) + ky sm(\//lgeeg/Dneg
= The boundary condition at x = 0 eliminates the sin(-) term:

P"9(x; A) = kj cos (\//lggeg/D:i?fx)

= For the separator, we have
PP (x; 1) = k3 cos (\//lgjep/l)i%x) + kg4 sin (\//lejep/D:’Z?fx)

m For this region, the sin(-) term is not automatically eliminated, and the
two functions must scaled so that the interior boundary conditions are
met automatically.

 For continuity, letting

W = Lneg\//lggeg/Dneg and W) = Lneg\/lgjep/Dsep

e, eff e,eff?

we have

kl COS (601) = k3 COS (602) + k4 sin (602) .
e For the first derivative criterion:

D" [ k1 sin (a)l)] = D:’Z‘?f[

e, eff Lneg Lneg COS (a)z)] .
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« We have two equations and two unknowns (ks and k), which can
be solved in terms of k;

cos (my) sin (w;) ks | v cos (w1)
. = K1 . :
—D:‘;‘?fwz sin (@>) D:‘;‘?fwz cos (a») k4 —D:’Z?fwl sin (1)

= Finally, for the positive electrode, we have
\Ppos(x; i) = k5 CcOS (\/ﬂggos/l)soesf‘fx) + k6 sin (\//lgpos Dsoes;f )

= For continuity, letting

= (L"9 + L°°%P) and s = (L™ 4 L)

we have

k3 cos (w3) + k4 sin (w3) = ks cos (w4) + kg sin (wy) .
m For the first derivative criterion:

sep w3 : 3
De,eff |:_k3Lneg _|_ Lsep S1n (@3) + k4Lneg + Lsep COS (@3)}

pos (4
= De eff ks ne se
|: L 94 [Sep

sin (4) + ke

COS (a)4)i| :

4
["eg [ sep

= \We have two equations and two unknowns (ks and k¢), which can be
solved in terms of k3 and k4

COS (0)4) sin (0)4) k5
Dpeﬁa)4 sin (0)4) De effa)4 COS (0)4) k6
B cos (w3) sin (w3) k3
B —D e‘?fa)3 sin (603) D fa)g COS (603) ky .
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m SO, overall we have

P9(x; 1), 0<x < L"9;
\P(x, i) — \Psep(x; ﬂ), Lneg <x < Lneg +Lsep;
\Ppos(x; ), LNe9 4 [P < x < ot

= By Sturm-—Liouville theory, we know that we can choose the different
eigenfunctions to be orthonormal with respect to the weighting
function ¢.(x) by selecting k; such that

LtOt
/ P2 (x; Mg (x)dx = 1.
0

= The final boundary condition 8% (L'!; 1)/éx = 0 imposes the
condition that allows us to solve for 4,,.

Slope of eigenfunction at cell boundary as function of A

m Generally, this cannot be done in
closed form. So, we use numeric
methods to search an interval for
zero crossings of d¥ (L' 1)/dx
as a function of 1. An example is
shown.

01 02 03 04 05 06 07 08 09 1
Eigenvalue guess A

m \We denote the ordered set of eigenvalues as {1,}. Then, the solution
to the homogeneous problem is the superposition,

Ce(x,t) = Z h(0; 2,) W (x5 Ay) e .
n=0
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6.7: Solution to the forced PDE

= \We now generalize the solution to the inhomogeneous case to solve
0Ce(x, 1) 1 8 ace(x 1) as(x)(1— tfﬂ) .

— D,  1).

Py e (x) Ox eff(x) + £, (x) j(x, 1)

= Our approach is to transform ¢.(x, t) into a series expansion using the

eigenfunctions of the homogeneous solution, ¥ (x; 4,) as a basis set.

= Any piecewise smooth function can be expanded in terms of the
eigenfunctions.

o0

Co(x, 1) = D Con()F(x; Ay),
n=0
where ¢, ,(¢) are the generalized Fourier coefficients of ¢, (x, t).

m Taking the partial derivative of this equation with respect to time gives,

0Ce(x,1) i dé, (1)
N dr

Y(x; 1,).
5 (x5 An)

n=0

= Substituting into the original PDE gives:

— ¢, , (1) 1 0 0C.(x,1) ay(x)(1 —19)

S —De ).
HZ:(’; g i) = s s Den() =75 = ()
= Therefore, to reduce the LHS of the above equation, we now multiply

both sides by ¥ (x; 1,,)¢.(x) and integrate from 0 to L™

Ltot o0 ~
dc, ,(t
/ C(’it( )‘P(x; )V (x; Ap)ee(x) dx

0Ce(x, 1) |
——— ax

LtOT a
= Y(x; Apn)—D, eff(x
/O (5 ) D) 2

Ltot
—I—/ as(x)(1 — tﬂ)j(x, HY(x; 1,,) dx.
0
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LtOT
m Because/ W(x; )Y (x; Ap)eo(x)dx = d,,, the integral on the left
0
is non-zero only when m = n. Therefore,

dce.(t)
dt

0Co(x,t
oce(x, 1) .
0X

LtOt a
/ \P(X; /In)_De,eff(x)
0 ox

LtOt
+/ as(x)(1 — 19)j (x, )W (x; 4,) dx. (6.1)
0
= We want to simplify the first term on the right hand side, and we do
this by using Green’s identity.
= Note that W (x; 1) are the solutions to a Sturm—Liouville problem with
p(x) =1, q(x) =0, and w(x) = &.(x).
= We focus again on the first term:

0Co(x,t
oce(x, 1) |
ox

= We use Green’s identity with o = W (x) and let u = ¢.(x, t) and let
P = De,eff(x):

LtOT a
/ [@(x, 1) —De eff(x)
0 ox
oW (x; 4,) 0C.(x, t))

— De,eff(x) (5e(xa t)T — ‘P(X; ln)

LtOT a
/ B (x; A1)~ D, e(x)
0 Gx

oY (x)

0 O0Co(x,t
— W A)—D, eff(x)M] dx
ox ox

LtOt

0
= |In our problem, the RHS goes to 0 because of boundary conditions
oY (x; A4,) B 0Ce(x, 1)
oXx N

= 0.

xe{0, Lot

xe{0, Lot 0x

m Therefore,

LtOT LtOT ~
0 oY 0 0Co(X,1
/ Ce(x, 1)—D, ef(x) (X)dx — / ¥ (x; An)—D, eff(x)ﬂdx.
0 ox ox 0 ox ox
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m The LHS can be written as:
LtOt LtOt
0 oY
/ (e, -y () (de=—%/‘€umﬂT@M0&@ﬂm
0 8x ’ ax 0

because ¥ satisfies the homogeneous case:

0 oY
a_De eff(x) ( ) + /Inge(x)an = 0.
m Substituting, we get
LTO'[ LTO'[
0 0C, t -
L/ wur—ewu»ig—l =—m/°cumowuwa@umx
0 o0x 0

= Using this in Eq. (6.1),

d~e i l‘ LTO'[
C(,it( ) = —/ln/ Ce(x, )V (x; 4,)e.(x) dx
0

LTO’[
+/ 4, () (1 = 12) (x, 1) Wy (x) dx
0

LtOT
= L@+ [ @l =D 0w dr.
0 _

.

in(0)

Example of c.(x, t)

= Consider a cell with the following properties, and apply a step current

to the cell.
L9 =128 um %9 =0357 D)3 =160x10""m?s™
LS =76um &% =0724 D)% =462x10""m?s™
LP® =190um &P =0444 D)3 =222x10""m?s™
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Eigenfunctions (modes) 0 to 5 Final concentration gradient: Nonuniform
200 — , 1001.5 — x —
: —— PDE solution
P — Modal solution for modes 0:10
0 ' 1001} ' :
& 100f { E
:'é' o
s £1000.5
c
ER S
© g 1000f
()
8 —100} 8
= S 999.5
O
~200, 100 200 300 %% 100 200 300
Position across cell, (um) Position across cell, (um)

A transfer-function model for ¢, (x, 1)

= To compute c.(x, t) via transfer-function methods, we note that it is
formed from a summation of ¢, ,(z) terms.

= We can compute ¢,.(x, ) if we know ¢, , (), SO we proceed by finding a
transfer function for ¢, , (¢):

d . - .
_Ce,n(t) — _ince,n(t) + ]n(t)

dr
SEe,n(S) — _lnge,n(s) + Jn(S)
Ee,,,,(s) 1 Ju(s)

Iapp(S) s+ An Iapp(S),
SO we are going to need to find a transfer function for j,(¢) first.

= We begin by writing,

LtOt
jut) = /0 as () (1 — 19)j (r, W (x; Ay) dx

7.neg
— / a1 — 1) (x, )P (x; A,) dx
0
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LTO'[
—|—/ aP (1 — 1) j(x, )W (x; 4,) dx
L

neg. j sep
- ]neg(t) + ]r?os(t)

m Looking at the negative electrode first:
Lneg

M) = ™9 (1 — 12) / JGe, )W Crs Ay dx
0

neg 1.neg
Jn ~(s) = q"9(] — Zg)/ J"9(x /L9, s5)
Iapp(S) Iapp(S)

¥ (x; 2n) dx,

where
neg neg neg neg neg _
J"9(z, 5) _ e (s Ou COSh(V™(5)2)+r - cosh(v™F(s)(z—1))
Lapp(s) as PFLM9A (ki + 0o ) sinh(v"e9(s)) '
= The transfer function is (computed in Mathematlca)
L) k(1 — 1D awn Y sin(wy 0) (koo + O cosh(v™®9(s))) 1189 (s)

Lpp(s) — AF (g + 0°) ((n®)? + (1"€9(s))2) sinh(v1e9(s))
k(1 —19) (rgy” + 0y cos(n ) (V"9(s))?
AF (kge® 4 05”) ((wn 0)2 + (v"e9(s)))
where }° L”eg\//l 00/ D)o
= Looking at the positive electrode now,
LtOt
jP(t) = aP*(1 — 1) Jx, )¥(x; 4,) dx
Ltot_J pos
pos Lot tot 0s
JPOS((LOt — x)/LPOS,
() _ gpos( — 10 (L =D/ 9) gy 7,) d
Iapp (S) Ltot_J pos Iapp (S)

where (noting negative sign because of positive electrode)

m _POs(5) o5 cosh(VP°S(s)z)+xby cosh(VPOS(s)(z—1))
Tapp () af®FLPSA(kl + ag ) sinh(vPos(s)) |

eff O off
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= The transfer function is (computed in Mathematica)

TP () k5(1—t0)a) ®sin(wy ") ( gf?s—l—agf?s cosh(vpos(s))) VPO (5)
Lop(s)  AF (R + 00) (@) + (vP95(s))?) sinh(vPoS(s))
ks(1—12)wh>” sin(w!®) (o 5" + k5~ cosh(vPOS(s))) vPOS(s)
C AF (™ 4 65%%) (P2 + (vP93(s))?) sinh(vPOS(s))
ks(1—12) (05" cos(wn ") + ke cos(wf®)) (VPOS(s))?
ARG+ o) (@7 + (075(5))?)
k6(1—t0)a) ® cos(w™) (o ;?S + Kgf?s cosh(VP%(s))) VPOS(s)
AF (kg + o) ((@h™)? + (vPOs(5))?) sinh (vPOS(s))
ke(1—t )oo'ooS cos(wy ") (rc §§S+0§?S cosh(vP%(s))) VPOS(s)
CAF(P® 4 6%%) ((0%)2 + (1P93(s))2) sinh(vPOS(s))
ke(1—t ) ( O o ®sin(wp ") + Kgf?s sm(a)tOt)) (VPOS(5))?
ARG + 05 (@) + (vP())?)

b)

where a)gos — Lpos\//l DOS/Dpeﬁ, tot LtOt\//l DOS/Dpeﬁ , and

sep __ _tot _ pos
0=, — .

= Overall, we have

Cen(s) 1 | 1%s) | J%(s)
Iapp(S)—S‘F/ln Iapp(s) Iapp(S) .

m Yes, this is a mess. The good news is that we’ll develop tools that
deal with the mess quite nicely.
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6.8: A one-dimensional model of ¢,.(x, t)

= \WWe now wish to develop an independent transfer function for ¢.(x, t).

= We start with the differential equation

0d.(x,t —&ol (X, t 2RT olnc.(x,t
plesd) _ —edeles) | 2RT g Bincetssr)

ox Koff

= We will deal with the two terms of this equation separately.

m First, we can write an expression for ¢.i.(x, t),

[ rx N0 1~ -ne
Fj"9(¢&, 1
[
. {app(7) neg neg , 7 sep-
le(x:t): ) ESepA, L <x < L"™+4L>F;
oo (1 x o gPOSjpos £ 4
aggs( : _/ ]pos .1 d¢, LM94L%P <x < L™
L&, A Lneg.y 1 sep

m A transfer function for i.(x, ¢) in the negative electrode is
uuﬁy_”%F/*ﬂwﬁﬂmaw
0

Lapp(s) & Lapp(s)
eff (Smh(v "®d(s)) — sinh ((L”egzﬁgg”eg(s)))
ge gA(Kgf?g 4+ Ueff 9) sinh(v"e9(s))
Oofr Sinh (xvl’j:i]g(s))

eo JA(k Qf?g + aeﬂg) sinh(v"e9(s))

dc,

L(x,s) 1

Lapp(s) — &i®A’

m A transfer function for i.(x, ¢) in the positive electrode is
L(x,s) 1 aP®F ¥ JPOS((L1Ot — £)/LPOS )
Tapp () gy B s /L

m A transfer function for i.(x, ¢) in the separator is

dc,

neg 4 J sep Iapp (S)

Lecture notes prepared by Gregory L. Plett and J. L. Lee. Copyright © 2011-2018, Gregory L. Plett and J. L. Lee



ECE4710/5710, Reduced Order Models of Cell Dynamics 6—-31

ef? (Smh(Vpos(S)) sinh ((X_Lnegzﬁjfp)vms(s)))

oS oS 0S
DA (K(Sff gff ) sinh(VP2S(s))

sonsinh v°t—x>vp°s<s>)

1.pos

ebCA(khe” + o 52%) sinh(VPOs(s))

= We now integrate the PDE for ¢,

Bo(r, 1) — 40, 1) = /0 oG ) | 2RT ﬁ)al“f;f’ ) g

Keff F

» Define @, (x, 1) = ¢.(x, 1) — ¢,(0, 1).

= Then, ¢.(x, t) comprises two parts:
e The first part, [gEe(x, t)]l, can be determined via transfer functions
e The second part, [(Ee(x, t)]z, can be determined via known c.(x, t).

m Let’s continue to look at the first part. In the negative electrode,

[EISe(x,s)]l:/ oo LS s)
Iépp(s) 0 gﬁglépp(s)
_ o o (o) - ) ;

neg . Neg neg _ -neg
Kt (ofp+0ggt )V"9(s) Slnh(vneg(s)) Akt +0gg

Lnegxeﬁg (cosh ((Lneg_x) neg(S)) - COSh(Vneg(S)))

L neg

neg . neg
AK g (Kog "‘Ueff Fyvned(s) sinh(v"e9(s))

m At the negative-electrode/separator boundary we have

- n neg O
[D. (L, s)]; __L * ((Ueff — eff )tanh( )) Leg

- neg - _neg neg o neg neg
Iapp(S) AKeff Ko +o 0 off )vneg(s) A( K eft +o O off
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= In the separator, we then have

~ neg . neg V€Y (s)
(®.(x,s); L™ ((”eff ~ Kot )ta“h( )
Tapp(s) Ak (g + O )V™9(s)

Lneg _ [ neg

neg 5 €9 sep
A (Keft + O ) AKeff

m At the separator/positive-electrode boundary we have

_ neg neg Neg s
(D, (Lre 4 L0, 5)], L™ ((“eff — i) tanh () )
Tapp (s) Arcgyy (et + g )V"9(s)
Leg L
neg neg sep-
A(Keff Oif ) AKeff
= |In the positive electrode, we then have

— neg _  _neg V89 (5)
[@.(x, 5)]; L™ ((Ueff  Keff )tanh( - )) Lneg
- neg , .Neg | "eg neg ,_ neg
Lapp(s) Akt (Kt T0gg1 JV"9(5) AKgg +0 g
,5¢ep [P (1 — cosh ((Lnegtﬁgssep_x)vpos(s)))

AK;? PA (zcelofcf’S eff %) sinh (VPOS (s5))VPOS(s)

LPogh”® (cosh (VPOS(s)) — cosh (MvaS(S)))

1.pos
Axgyy (cgfy + g ) sinh(vPOS(5))POS(s)
(X _ [ neg _ Lsep)
pos pos -
Ak + Ogtt )
m At the cell boundary we have
~ neg neg V"9 (5)
[(De(LtOt, S)]l Lree ((O-eff — Kt )tanh( 5 )) Lneg

— e8| neg neg ,_ neg
Lapp(s) Keft (Kot 1 Tt IV"09(5) A(Ket +0gtt )
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[sep LPS (<a;<;s — k) tanh (52

o sep 1cPOS (1 POS | POS
AKeff Keff (Keff O off )vpos (S )
Lpos
pos |~ pos
A(Keff oo )

= Now, we focus on the second term of ¢, (x, 7).
s 2RT(1 — 1) 8lnce Eot
[.e.0)], = | el

B 2RT(1 — 1)

[Inc.(x,t) —Inc.(0,1)].

= To compute ¢, (x, 1), we must compute its two parts and add them.

= To recover ¢, (x, t) from ¢, (x, t), we must compute ¢, (0, 1):
Pe(0,1) = ¢5(0, 1) — ¢5-.(0, 1)
— ($e(0, 1) + Ugep (¢5.0))
Pe(x, 1) = de(x, ) = ¢-e(0, 1) = Usgp (¢5,0).

= Some final Bode magnitude plots, for now:

.0 Magnitude of C.(x, s)/Iapp(s) 4o Magnitude of (D, (x, )11/ Tapp(s)
—_ 20- —_.
) -50 —
S ot ° —
() G.)_GO_
S-20{— 0 —200 3
%-40- — 50 — 250 %-70- e —
2_60_—100—300 = — 50 — 150 — 250 — 350
— 150 — 350 -80f— 100 — 200 — 300
-80 - - : - - -
107 107 107 1 1o0 10? 107 107 107 1 10° 10°
Frequency (radsec™ ') Frequency (radsec™ ')
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6.9: Summary of transfer functions

= The ROM produced by the DRA algorithm can be requested to
produce any arbitrary set of the (linearized) cell electrochemical
variables at any feasible location across the cell.

m Electrode-only quantities use a normalized spatial variable z, which
varies from 0 at the current collector to 1 at the separator boundary.

m Electrolyte quantities use the spatial variable x, which varies from 0 at
the negative-electrode current collector to L' at the
positive-electrode current collector.

Negative electrode Separator Positive electrode
¢:9(z, 1) Pe(X, 1) | Pelx,1) | Pelx, 1) PP (z, 1)
oo (2, 1) ce(x,1) | colx,t) | colx, 1) oz, 1)
neg(Z t) pOS(Z t)
P (2, 1) PP (z,1)
'z =20 z=1 z =1 =0
- > - >
-
x=0 x=L"9  x=L"O4L5% x = L"

= The ROM produced by the DRA comprises A, B, C, and D matrices
such that

x[k + 1] = Ax[k] + Bigpplk]

§lk] = Cx[k] + Digpplk],

where x[k] is a state vector with no known retained physical
significance, and y[k] comprises the linearized outputs that were
requested by the user when creating the ROM.
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= Nonlinear corrections are added to the linear outputs to arrive at the
desired electrochemical state variables.

Solid surface concentration: The DRA produces a debiased estimator
Cs..(2, t) Of the solid surface concentration variable.

= The nonlinear estimate of ¢, .(z, t) is found by adding the equilibrium
concentration to ¢,..(z, t):

Cs,e(Z: t) — 5s,e(Z: t) + Cs,0-

Potential in solid: The DRA produces a debiased estimator ¢,(z, t) of
the solid potential variable.

= In the negative electrode, the nonlinear estimate of ¢;(z, t) is equal to
the debiased estimate: ¢,(z, 1) = ¢,(z, 1).

= In the positive electrode, ¢;(z, 1) = ¢,(z, 1) + v(t), where the
calculation of v(z) is discussed shortly.

Concentration in electrolyte: The DRA produces a debiased estimator
c.(x, t) of the electrolyte concentration.

= The nonlinear estimate of c.(x, r) is found by adding the equilibrium
concentration to ¢,.(x, t)

Ce(x,1) = Co(x, 1) + Cop-

Solid—electrolyte potential difference: The DRA produces a debiased
integrator-removed estimator ¢* (z, t) of the solid—electrolyte
potential difference.

= Note that the transfer function fﬁ;‘_eeg(z, s)/Iapp(s) has a pole at the
origin, which is removed prior to using the DRA to give the
[®"%9(z, 5)]*/ Iapp(s) transfer function.
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= The integrator response could be added back manually, as in
Py (1) = ¢s L) + (qbreso) x; (1), where x;(t) is the integrator state of the
DRA model, but better performance is obtained by looking deeper at
what is actually happening.

m Recall that
Cs avg(t) ( resO) xi(t) + ¢s0
and note that

because

~ ~ 0Uoxc
¢s-e(t) — ¢:-e(t) + |: P P
Cs,e

~reso:| X; (t)

Cs,0

= Therefore, since ¢;.. = ds-c + Uocp(cs.0), We can write
neg

aUOCp neg neg

0 neg Cs ,avg Cs 0 >

s,e

boed = [Pr]" + | Us(cgg) +

neg
s,0

where the second term on the right-hand side is equal to the first two
terms of the Taylor series expansion of Ug:P(c(5),) around the starting
average concentration ¢ .

m Therefore, we find that we achieve more accurate results if we
implement [®"%9(z, 5)]*/I.pp(s) and then compute

Pre0(0, 1) = [P10(0, )I* 4 Ui (239, (1)).

Potential in electrolyte: The electrolyte potential ¢.(x, t) uses two DRA
terms: [gEe(x, t)]l, and c.(x, t) as computed above:
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-~ 2RT (1 — Y
s =[oina] -+ 2T ()

[ée (;,t)] )

(-

Reaction flux: Outputs j(z, ¢r) from the DRA are a linearized
approximation to the true j(z, t). There is no additional correction to
this variable.

Overpotential: If we assume that the charge-transfer coefficient a« = 0.5,
as is often the case, we can then write

F
=2k e\Cs,max — Cs,e)ls,e inh { —— .
J ov/ e (cs, Cs,e)Cs,e SIN (2RT;7)

= This can be inverted to solve for the overpotential

JP2(z, 1)

2P ez, 1% — (2, )P (2, 1)

2RT
I’]pOS(Z, t) = Ta3|nh

J"9(z, 1)

2k(r)]eg\/ce(za t)(CS,erI?ax — C?,eeg(za t))cg’eeg(z’ t)

2RT
”neg(z, t) = TaS|nh
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6.10: Cell voltage

= \WWe wish to be able to use our prior results to compute the terminal
voltage of the cell, v(r) = ¢, (L', 1) — ¢,(0, 7).
= Recall that # = ¢; — ¢, — Uoep — F Rfimj, SO We can write
0 (1) = 1750, 1) + ¢e(L™, 1) + Uoep (¢]3°(0, 1)) + F Ry jP°5(0, 1)
7790, 1) — (0, 1) — Ugep (c152(0, 1)) — F Ry j"°(0, 7).

« Note that some like-looking parameter values have been
separated as a reminder that R and Rsim, for example, might have
different values in the negative and positive electrodes.

» We have seen how to compute the linear terms via transfer
functions, and how to compute the nonlinear terms from the linear
terms.

= Combining like terms:
0(1) = F (Rl jP°(0,1) = Rid j(0,0)) + [ $(L,1) ],
+ (1720, 1) = 190, 1) + | B (L, 1) |
+ (Usep (cP2°(0, 1)) — Ugep (1520, 1)) .
m The linear transfer functions can be grouped together. Define

Vin(s) _ (Rpos JPoS(0, 5) Rnngneg((), s)) N I:&e(LtO’[’ s)]l.

Iapp(S) N film Iapp(S) - fim Iapp(s) Iapp(S)
m |f this transfer function is implemented in the DRA to produce a single
output vjin(¢), then we can write

o(t) = viin(t) + 7°°°(0, 1) — #"°9(0, 1)
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7 tot 0s ne
[ B L 1) |+ (UES(ER(0, 1)) — Uged (190, 17))

» This output equation requires implementing a minimum number of
seven transfer functions to be able to compute cell voltage: vjin(¢),
Jj(0,1), j(L' 1), co(L', 1), c.(0, 1), P2(0, 1), and ¢%9(0, 7).

) S e

Frequency response and cell impedance

= The voltage equation can also be manipulated to form the linearized
small-signal frequency response of the cell, which is the negative of
the impedance spectrum.

m We linearize the overpotential via #(z,t) ~ FRqj(z,t).

= The remaining nonlinear terms in the voltage equation are
[qSe(Ltot, t)L and [Ugch(cmS(o 1)) — U9 (c"%(0, t))] |

= Writing out the first term, we have

Az, ], = 2=

m Linearizing the logarithm via Taylor-series expansion gives

[ln(ce(LtOt, t) — In(c.(0,1))].

olnc,
ocC,

ll’l(Ce) ~ ln(ce,O) + |:

(Ce — Ce,O)
Ce,0

~

Ce 7 Ce,O) = In(c.,0) + Ce

Ce,0 Ce,0

— ln(ce,O) + (

2RT(1 —19) [5€(Lt°t, t) — ¢, (0, t):|

[fezn |~ ——

Ce,0
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m Using a similar means, the open-circuit-potential relationships can be
linearized

[ OUocp(cs,e)
UOCp(Cs,e) ~ Uocp(cs,o) + L

(Cs,e - Cs,O)

0Cy.e co

[ OUocp(Cy.e -
— UOCp(Cs,O) + OCD( : ) Cs,e-

— acs’e Cs,0

m So, a linearized model of cell voltage is then
U(l') ~ FRE),(ZS]'DOS(O’ t) FRneg]neg(O t) + &e(LtOt, t):ll

N 2RT(1—1Y) [ce(Ltot t) — C.(0,1)]

F Ce()

0S DOS ne neg
+ (E)Cp ( [JvOCpg ):|
pos DOS neg, neg
UOCp ( ~pos O al]OCp ( ) ~neg O
pos ( ) neg ( ! )
a Cs,e pos a s,e neg
- CS,O Cs,O

m WWe define a debiased voltage
5(0 — D(t) . [Upos pos _ e neg):|

ocp ocp

_|_

m Then, the transfer function from applied current to variations in cell
voltage around its equilibrium setpoint (with the open-circuit voltage
offset removed) is

V() o o00sdP00,5) eg ™90, ) | [D(L, 5)],
Tapp(s) 2 Tapp(s) P Tapp(s) Tapp ()
2RT(1 —19) [C (LY, 5)  C.(0,s)
|: Iapp(S) - Iapp(s):|
CY 0. 5) [ayggg )
o L) | ol

_|_

FCe()

neg(o t)
cn%g Iapp(S)

[ouEes
ocke
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where the individual transfer functions are as defined earlier in this
chapter.

= Note that since cell voltage is equal to open-circuit voltage minus
current times generalized impedance,

v(t) = OCV(Z(t)) - Ziapp(t)a
we have o(t) = —Ziap, (1), and
V(s)
Iapp(s).

= This relationship produces the impedance spectrum, which can be
compared with results from laboratory electrochemical impedance
spectroscopy (EIS) tests.

Z(s) = —

Model fit for EIS data, T=25°C

U 10I0%SOCITruth dalta
. . 1.25F ® 50%SOC Truth data 1
= Figure shows representative result S { oo A p
. . c ——50%S0OC estimate
comparing physics-based-model 7 [l 10%S0C ostinate .
frequency-response fit with £ o5

measured data. 0.25}

0 025 05 0.75 1 125 15 1.75
real Z (mQ2)

= We see a “bump” in the plot that is not explained by the model
developed to date; it is from a “double-layer capacitor” effect, and
modeling its behavior is beyond the scope of this course.
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6.11: Full cell model

m |t is straightforward to apply the DRA to the full cell model.

» Select which transfer functions you want to implement, at which z
or x locations across the cell;

o Perform DRA steps 1 through 3 on each transfer function to get
discrete-time unit-pulse responses of all variables of interest;

» Stack all unit-pulse responses on top of each other, forming a set
of single-input multi-output Markov parameters;

o Run DRA step 4 to get the state-space system realization.
Diagonalize if desired.

m We find that we can achieve very good results using only four model
states, plus one integrator state.

m First, a pictorial overview; then, some specifics.

 Finding the model:

PDE | _ | Linearize Transfer Legend
model model functions © @
T|2(8

O | o o
System | | Physics Execute | _| Linear SS g2

ID/tests parameters —» DRA model = I

@S|

B N8| =

(&) =] o
— N g_ =13
— -} — | [T 18158

I:I:I:II:IHIIEI -
Step 1: Step 2: Step 3: Step 4: h[n] to
H(s)to h(r)  h(t) 10 hsep(t)  hsiep(t) o hln] A, B, C, D

o Simulating the model:

Lecture notes prepared by Gregory L. Plett and J. L. Lee. Copyright © 2011-2018, Gregory L. Plett and J. L. Lee



ECE4710/5710, Reduced Order Models of Cell Dynamics 6—43

Input Legend: | Data || Computational process
current

" : . . : Internal cell

- —
Isrlgltael ) Iin%;%aggel ] phylg‘,lig:?/rzllzrgiles ) Mil;?rggtrilgggar g el AN
cell voltage

Linear SS | | Physics |

model parameters

= The state equation can be visualized as

Four general-purpose o(fofofo 1 Model input = current
states modeling all 0 ololo 1
non-integral internal _

cell dynamics —10]0 0]0 + |
010]0 0 1
Integrator state o(ofofoO|1 1

New Prior  Input

states states matrix

= The linear output equation can be visualized as

Model input = current

Linear outputs = +

= Cell voltage is a nonlinear combination of the linear outputs.

= The following plots show comparisons between the continuum-scale
cell model predictions and the ROM predictions for a cell excited by
an urban dynamometer driving schedule (UDDS) test.

m First, we see the Butler—Volmer current density
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lgloux j at neg.-electrode/separator boundary

—FOM
* ROM]Jj

60

40

Flux (zmolm=2s~1)

600 900 1,200 1,500
Time (s)

Iﬂ)ux J at pos.-electrode/separator boundary

- ROM

FOM ||

300

eéq 900
Time (s)

= Next, we see solid and electrolyte phase potential:

4O¢s at neg.-electrode/separator boundary

>

=

S

c

o

o

a
—FOM |}
- ROM

300 600 900 1,200 1,500

Time (s)

) 5¢e at neg.-electrode/separator boundary

Potential

—FOM
-0.45 - ROMH
0 300 600 900 1,200 1,500
Time (s)

1,200

4¢s at pos.-electrode/separator boundary

1,500

Potential (V)

—FOM|
. ROM

eéq 900
Time (s)

1,200

0 2¢e at pos.-electrode/separator boundary

1,500

-0.25

= Next, we see solid surface concentration and electrolyte

concentration of lithium

—FOM
- ROM}
300 600 900 1,200 1,500
Time (s)
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¢y . at neg.-electrode/separator boundary
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m Finally, we see vqe comparisons. RMS error of around 1 mV.

Cell voltage

V)

Voltage

—FoM|j

+ ROM

300 600 900 1200 1,500
Time (s)

Cell voltage (zoom)

3.9r

3.8

3.71

Voltage (V)

3.6];

—FOM
- ROM

0 25 50 75 100 125 150 175 200 225 250
Time (s)
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6.12: Model blending

= The ROM we'’ve developed to this point was derived by linearizing the
PDE model around a specific operational setpoint.

= However, as model dynamics can vary with temperature and SOC,
we find that a single model is often not sufficient.

= |In order to model the cell over a wide range of both temperature and
SOC, we use a model-blending approach.

IDEA: Precompute ROMs at multiple temperature and SOC setpoints.
Then, during operation, use them to generate a best “average” ROM
specialized for the present instantaneous temperature and SOC.

Blending the models

» Individual reduced-order models are generated a priori using the
DRA over the expected operating range of temperatures and SOCs.

m For simplicity, we assume that the A A
. . T1 0,1 1,1
setpoints fall on a rectangular (z,7) grid.
= These precomputed models are blended
in real time using bilinear interpolation to T ¢ Ay
generate a time-varying state-space T, Ao,o Ay
model, as illustrated in the figure. SOCy, SOC SOC,

= We define SOC, < SOC < SOC,, where SOC, and SOC, are the
nearest SOC setpoint values among the precomputed models.

= Similarly, we define T, < T < T; to be the nearest temperature
setpoint values bracketing the cell’'s present operating temperature.
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= We then define blending factors 0, and 67 as
SOC — SOC, T —T,
= and 6Or =
SOC; — SOC, !

%) = )
) T — Ty

= The value of the time-varying blended A, matrix is found from
A= (1-0r) ((1 - 0.)Aoo + 0. A1 0) + Or ((1 - 0.)Ao1 +0.A1,),

where A, is the A matrix of the precomputed model at SOC, and T,
Ao, at SOCy and Tj, A, at SOC, and Ty, and A, ; at SOC, and T;.

= The time-varying blended B;, Cy, and D, matrices can be found in
the same manner (although we see some simplifications in the next
section, which make it unnecessary to blend B).

m The state-space equations are then modified with these time-varying
blended matrices to become

x[k + 1] = Agx[k] + Byiapplk]

§Ik] = Crx[k] + Dyiapplk].

= The figure illustrates the real-time aspect of the overall
model-blending approach.

Input Legend: | Data || Computational process
current L
Initial . |[Make blended| ™  Simulate _ Linearized > Make nonlinear | v;?;[:kr)?(fs! CAe,\IIID
state > model " |blended model| " | physics variables »  corrections -
i cell voltage
Multiple State of charge Physics | |
linear SS parameters
models

= During operation, the present cell SOC and temperature are used to
generate blended state-space matrices.
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m State vector x[k] is updated using these time-varying matrices, and
linearized outputs y[k] are computed from the updated state vector.
The SOC calculated at each time step from the internal states is fed
back into the linear model as an input to blending process.

Sorting the model

= One complication when implementing the model-blending scheme
arises from the fact that state-space models are not unique.

= An infinite number of different state descriptions with corresponding

/\A/\

{A,B,C,D) represent the same input—output relationship.

m This fact poses a potential problem when model blending because for
the method to work all elements of the matrix Zo,o must be consistent
in meaning with the corresponding elements of the matrices Zl,o,
Zo,l, and Km.

= |f not, unrelated elements will be averaged together, producing a
meaningless result.

= The DRA algorithm itself does not guarantee that models generated
at different temperature and SOC setpoints will exhibit a consistent
state-space description.

= There is a simple remedy, however, which is to transform all
precomputed models into a common framework.

= We do so as follows. We begin by supposing that a linear
discrete-time state-space model produced by the DRA is of the form

O + 171 = A% O] + B iapplk]

§[k1 = C”xOk] + Diapolk].
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= The superscript “(0)” on several of the model terms indicates that
these matrices and signals arise from the untransformed model
produced directly from the DRA. We will use superscripts “(1),” “(2),
and “(3)” in the following to indicate different stages of model
transformation.

= For the first transformation, we define a new state vector x[k], such
that x©[k] = TWxW[k], where TV is some square invertible matrix.

= We have an equivalent input—output relationship between iapp[k] and
ylk] if we write

xOk+ 11 = @)A1 x Oy + (D) B i k]
:4:((1) éﬁ)

~ (0 =
511 = CVTD x O[] + Digpplk].
6(1)

= We have great freedom in choosing the transformation matrix TV, so
long as it is invertible.

= Consider first choosing TV = V, where V is a matrix whose columns
are the eigenvectors of A" .

= The resulting A" matrix will be diagonal.? The diagonal elements of
A" are called the poles of the system, and represent the dynamic
time constants.

2 For this to be possible, the A matrix must be diagonalizable, requiring that the eigen-
vectors in V be linearly independent. In our experience, the output of the DRA has
always resulted in a diagonalizable AY matrix; however, we know of no guarantee of
this. In cases where the eigenvectors are linearly dependent, it is always possible to

choose a transformation to put the A" matrix into a Jordan form, which is what should
be done instead.
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m Already, this first transformation has uncovered some physical
meaning in the model. Also,

o Storage requirements of transformed model are reduced, as n x n

.~ . . .
matrix A" contains only n non-zero values (on its diagonal),

« Computation requirements are reduced, since only the diagonal
elements of the A matrices need to be blended and fewer
multiplies are needed to implement 4" x (k] than A" x©[k].

m Since eigenvectors are unique only up to a scaling factor, we utilize
this remaining degree of freedom to simplify our matrices further.

m Here, we elect to normalize the B matrix to have units value elements.

= This, of course, presupposes that there are no zero elements in B,
which is guaranteed if the system is completely controllable.

» The Ho—Kalman algorithm used in the DRA always produces a
minimal state-space description, so we have this guarantee.

» Thus, we then apply a second transformation, choosing
T® — diag(B").
= |In the resulting transformed model, B® contains only ones, and A%
. ~(1)
will be unchanged from A" .

m This transformation has resulted in E(z) and 6(2) matrices that are all
scaled in a consistent way.

m |t also reduces storage requirements, as B is known to always
contain only ones, which do not need to be stored.

= Computation has also been reduced, as B matrices don’t need to be
blended (they are all the same), and because multiplication Ekiapp[k]
is simply a repetition of the elements of izpp[k].
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= Finally, we choose a third transformation T® to permute the elements
of A such that A” remains diagonal, but its elements appear in
order of ascending magnitude. The B matrix remains all ones.

= For any particular temperature and SOC setpoint, we define the final
scaled and sorted precomputed model as having 4 = 4%,
B=8B"Y=1,,,,and C = €. The model D matrix is unchanged

from the one produced by the DRA.

Where from here?

= We now have a reduced-order physics-based model of cell dynamics
that agrees very closely with the continuum-scale predictions.

= When physics-based model parameter values are well tuned, model
matches physical cell performance very well.

= Results below for Panasonic 25 Ah NMC//graphite cell:

25 Ah cell voltage i 25 Ah cell voltage (zoom)
4k = Estimated | ] = Estimated
= Truth 3.75 == Truth

_—38F {1 ~37F
= 3
& .65 ]
236 1 £ =
o o
> > 36

34F

355¢
3.2 3.5

100 200 300 400 500 600 70C 425 430 435 440 445 450 455
Time (min) Time (min)

= This model executes in very reasonable time, having only five states.
= What's missing?

» A thermal model: How does temperature affect dynamics? How do
dynamics affect temperature?
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» How to identify parameters of physics-based models?

« How to model cell degradation?
» How to use these models in an application?

= We'll look at the thermal model next; others are topics of follow-on
course(s).
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