ECE4710/5710: Modeling, Simulation, and Identification of Battery Dynamics 4—1

Continuum (Porous Electrode) Cell Models

4.1: Chapter goals

= Mathematical models of physical phenomena are expressed most
readily at the microscopic scale, for homogeneous materials.

m Accordingly, we have just finished developing microscale models of
mechanisms inside lithium-ion cells.

m These described, in three dimensions, the charge and mass balance
within the solid particles and within the electrolyte, separately.

» These models can be used to simulate small volumes inside
electrodes, comprising small clusters of particles, in order to get
ideas of how particle sizes and mixtures of geometries, etc, interact.

= However, it is infeasible with present technology to simulate an entire

cell using microscale models. SIECCI GR A  empirical
ODEs pl’ediCtionS mOdellng
irical system 1D
emplrg system

, hvsi physics-

EE = continuum- cell scale physICS—

(particle-) based based

scale PDEs scale PDEs scale PDEs ODEs predictions modeling

direct parameter  direct parameter  volume created via model-
measurement measurement averaging order reduction

m For cell-level models, we require reduced-complexity macro-scale
models that capture the dominant physics of the micro-scale.
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= One approach to creating a macro-scale model is by volume-
averaging microscopic quantities over a finite but small unit of volume.

m The resultant model is called a “continuum” model.

= Modeling an object as a continuum assumes that the substance of
the object completely fills the space it occupies.

» Modeling an electrode in this way ignores the fact that it is made of
particles, and so is not continuous;

o Modeling the electrolyte this way ignores the fact that it is filled with
particles, so is not continuous;

o However, on length scales much greater than that of a particle’s
radius, such models are highly accurate.

m Instead of predicting values of variables at a specific point in a cell,
continuum models tell you the average behavior inside the solid and
electrolyte in the neighborhood of a specific point.

= Solid and electrolyte “phases” are still considered separately, but their
interactions within the volume must be factored in. Microscale
geometries need not be known—an average geometry is assumed.

= To make continuum models, we use a volume-averaging approach.

= When volume averaging, we are no longer
dealing with homogeneous materials.

» The sample volume is assumed to contain
multiple “phases” of matter.

= The figure shows a matrix of solid particles
where the voids are filled with electrolyte.
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= \When we compute volume-average equations, we need to take the
multi-phase nature of the sample volume into account.

= The continuum models that we develop can be used in 3-D, but we
specialize to a 1-D description of cell dynamics, with an added

“pseudo-dimension” that describes activity inside the solid.
Negative electrode Positive electrode

Separator

Current collector
Current collector

= The diagram shows, roughly to (typical) scale, the actual geometry of
a lithium-ion cell cross section, the model x dimension, and the model
r pseudo dimension.

Goals: Volume-averaging theorems and continuum cell model

= Our first goal is to prove the following three theorems:'

1. Volume-averaging theorem 1 for scalar field v :
1 .
(VWa> =V (Wa) + V # Wolly dA.
Ap
2. Volume-averaging theorem 2 for vector field ¢ :

(V“/foc)zvhlfoz)—l_l ¢a°ﬁadA-
V- JT Ay

! The derivations rely heavily on: W.G. Gray and P.C.Y. Lee, “On the theorems for local
volume averaging of multiphase systems,” Int. J. Multiphase Flow, Vol. 3, pp. 333—40.
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3. Volume-averaging theorem 3 for scalar field y:

a o a a 1 A
Vo _ <‘”>__# WaVag - By dA.
ot otV

= Then, we will apply these volume-averaging theorems to the
microscale models from the prior chapter of notes to derive:

1. The volume-average approximation for charge conservation in the
solid phase of the porous electrode, which is

V- (06iiVy) = a,F j.
2. The solid-phase mass-conservation equation,
8cs 1 0 Zacs
= ——\ D,r :
ot r?or or

3. The volume-average approximation for charge conservation in the
electrolyte phase of the porous electrode, which is

V- (keft Ve + KpefiV In ) +asF j = 0.

4. The volume-average approximation for mass conservation in the
electrolyte phase of the porous electrode, which is
0(&cC)
ot
5. The volume-average approximation to the microscopic Butler—
Volmer kinetics relationship, j = j(Cs.c, Ce, ¢, Pe).

=V (De,effVEe) + as(l - t-?-)]_
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4.2: Indicator and Dirac delta functions

= We begin by deriving the volume-averaging theorems.

= The sample volume is divided into two phases: the phase of interest
is denoted «; all other phase(s) are lumped into .
= Our goal is to find the average value of some variable in phase «.
= To help with notation, we define an indicator function for phase a as
1, if point (x,y,z)isin phase a at time t;
ya(xayazat): .
0, otherwise.

= We will need to take derivatives of y,, which are zero everywhere
except at the a—p phase boundaries.

= But, how do we evaluate the derivative right on the boundary?

The Dirac delta function

m To explore this, we introduce the Dirac delta function d(x, y, z, t).

m This function is unusual—it is defined in terms of its properties rather
than by stating exactly its value. These properties are:

ox,y,z,t) =0, (x,y,z2) #%0.

///Vé(x, v,z,t)dV = 1.

= This is not an ordinary kind of function. It is a generalized function,
which can have many different but equivalent equations describing it.

= In one dimension, an example definition is y Candidate 4()
.
. ) = €/2;
5(x) = lim =<
=01 0, otherwise.
_6/2 6/2
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m This has area 1 for all values of ¢, and as ¢ — 0 it has zero width.

= We can compact notation if we define the “pulse function”

1, x| <12
II(x) =
0, otherwise.

m Then, we can write

o=yt ()

Sifting property of the Dirac delta function

m The Dirac delta function has several important properties.

m The sifting property states that in one dimension
| 76006 = 0.0 dx = £,

= The value of the function at the location of the Dirac delta is “sifted
out,” and the integral of a function is replaced by the value of that
function at a specific point.

m |In three dimensions, using vector form, if x = (x, y, z), and
X9 = (X0, Yo, Z0) W€ can write

f(xp,t), Iifxgisinside V;

// £, 5(X — X, 1) dV =
% 0, otherwise.

= We will sketch a proof of this relationship in one dimension for x, = 0.

m Consider using a pulse shape as our candidate Dirac delta function.
We write

(0]

/ T Gy de = tim [ Ln (g) £(x) dx.

€E—> —00 €
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(X J ()
—~ —IT |- f(X)
Integrand is shaded - ( )

.. —b |
area divided by ¢ -

«—— Height: f(0); width ¢

~

— € |-

= We see that f(x) is multiplied by zero at nearly every point in the
integral.
= But, in the € neighborhood of x = 0, it is being multiplied by /.

m If f(x) is continuous around xy = 0, then it will approach the constant
value f(0) over the interval —¢/2 1o ¢/a.

m SO, the integral becomes f(0) times the ¢ width of the Dirac delta
multiplied by the !/c height of the Dirac delta. That is,

° 1
| @ dx = Zer ) = £0).
= This proof sketch can be generalized to xy # 0 and higher dimensions
quite readily.

= The bottom line is that an integral involving a Dirac delta drops one
dimension and sifts out the value of the function in the integrand at
the location of the Dirac delta.

I | FO00— x) dV = #W £ (%) da,

where x,; is the set of points on the surface A,; of the a—p interface.

= For example,
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4.3: Gradient of an indicator function

Running integral of a Dirac delta function

= Now, consider integrating a 1-D Dirac delta from —oo to x.

/; o(x)dy.

= In the figure below, the left frame shows three candidate Dirac delta
functions; the right frame shows corresponding running integrals.

1) [ In(2) e

Coo €

y

= That is, we wish to compute

/

= In the integral, if point x is to the left of the rectangle, the integral
sums up a lot of zero values, and the result is zero.

= |f point x is to the right of the rectangle, the integral contains the
entire Dirac delta function within its limits, so the result must be one.

m |f point x falls in the middle of the delta function, the result is finite but
undefined (as different candidate delta functions could be used).

= The more closely the approximate Dirac delta function approaches
the true Dirac delta, the more closely the integral approaches a step
function. In the limit,

o 0, x <0
/ 5<X)dx:{1x>0
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m That is, the running integral of a Dirac delta function is a step function.

m Also, the derivative of a step function is the Dirac delta function.

Gradient of the indicator function

= Now, we get to the reason for introducing the Dirac delta function: We
need to be able to represent the gradient of the indicator function.

-|"7),“'Fic'&e e 'Fim“I" 39€ gimensionaf "g"r’ngl 'H"’}tG%bq"ﬁ“ F—
Va Ova
0x1

ai as > X

> X
ap a1 as as a4 aop l a l as

= The indicator function y, = 1 for values of x; in phase «; else it is zero.

m |ts derivative, 0y, /0x;, comprises Dirac delta functions.

%;Clht) = 5()61 — Clo(t)) — 5()51 — al(t)) + 5()61 o aZ(t))

— 5()61 — (l3(t)) + 5()61 — a4(t)).

= |f we define a unit normal vector n, that points outward from the
a-phase toward the p-phase at all a—p interfaces, we have

0Ya(x1,1) . 3
— = —gna 16(x1 — ag(?)),

where i is a unit vector in the positive x; direction.
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= Now, consider a two-dimensional
example. In this instance,

aya(Xsz, t) A N
= —n, - 10X —X,p,t
axl o ( of )
0V (X1, X2, t A4
ya( 1, A2 ) = —N,-j 5(X_Xaﬁat)s
8x2
where x is a position vector, j is a

unit vector in the positive x,
direction, and x,; is the position
vector of the a—/ interface.

= x; and x, partials shown below:

» We generalize to three dimensions by defining the gradient operator
over some scalar field w(x, y, z,t) as
A O oy, 0w

Ve :
Vl/j(xa Vs Zs t) — al_*_ g,]‘*‘ a—zk

= Then, Vy,(X,1) = —N,0(X — X8, 1).
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4.4: Phase and intrinsic averages

= When applying averaging techniques to obtain continuum equations,
it is necessary to select an averaging volume that will result in
meaningful averages.

= This can be met when the characteristic length of the averaging
volume is much greater than the pore openings (between particles),
but much less than the electrode length.

= Additionally, the orientation, shape, &
and size of the averaging volume will
be independent of space and time.

= We define a local coordinate system X3
&1, &, &, which has axes parallel with
the x1, x,, x3 system, but whose
origin is located at position x.

= The location of the averaging volume
with respect to the & coordinate /
system is independent of x. X1

= For example, we may set the centroid of the averaging volume to the
origin of the & system.

X2

= The phase average (v,) of a property v over phase «a is defined as

1
(Wax, 1)) = V///V y(x+ £ 0)ya(x+ £, 1) dV,

where volume V =V, 4+ V; is independent of space and time.

= However, V,, and V; themselves will depend on x and will also depend
on t if the medium is deformable (i.e., the phase boundary moves).
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» Physically, the phase average is a property of the a-phase only
averaged over the entire volume occupied by both the a- and
S-phases in the averaging volume.

= Note that we could also write this integral as

1
(Wa(x, 1)) = V/// v(x+ &, 1) dV,,
Vo (X,1)

but this is less useful since the limits of integration depend on spatial
location and on time if the medium deforms.

= The intrinsic phase average y, of a property y over phase a is

Va(i, 0 ///Va(x’t) w(x+ &, 1)dVe:.

m |t describes a property of the a-phase averaged over that phase only.

l);a(xa 1) =

= Comparing the two types of phase average, we see
1

eq(X, 1)

where the volume fraction of the a- phase is defined as

ruti, ) = LD ///ya(X+«S ) dV.

EXAMPLE: Consider a rock-filled beaker, where ¢, = 0.5, and a second
electrolyte-filled beaker having salt concentration 1000 molm~3. We
pour electrolyte into the first beaker until it is full, so ¢, = 0.5.

(Wa(X, 1)) = e (X, D Wu(X, 1), OF yu(x,1) = (wa(x, 1)),

m Taking a phase average of salt concentration in the porous media,
1 Ve
(Ce) = = /// ce(x+&,t)dV: = c,— = 0.5¢, = 500 mol m~S.
v I, v

m Taking an intrinsic phase average of the salt concentration instead

1 Ve,
C, = —/// co(x+£&,1)dV: = c,— = ¢, = 1000 molm~,
Ve V, Ve
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m The phase average tells us, from the perspective of the entire
volume, what is the concentration of salt in the volume.

m The intrinsic phase average tells us, from the perspective of the
solution within the volume, the concentration of salt in the solution.

m Intrinsic phase average is directly related to micro-scale models
where physical measurements are made, so is the one we will use.

= But, we will derive our equations in terms of the phase average
(easier), and convert to intrinsic phase averages when finished.

= Before proceeding with the averaging theorems, we examine a useful
identity involving the gradient operator.

« Define V, to refer to the gradient taken with respect to the x
coordinates, holding &;, &, and & constant;

 Define V. to refer to the gradient taken with respect to the &
coordinates, holding x;, x,, and x3 constant;

« Define V to refer to either V, or V¢.

m |f a function is symmetrically dependent on x and & (i.e., it depends
on x + & rather than on x and &) the gradient in the x-coordinate
system is equal to the gradient in the &-coordinate system:

Vig(x+§,1) =Vew(x+§,1) =Vy(x+§,1)
Viva(x+§&,1) = VéVa(X+§a 1) = Vy.(x+§,1).
PROOF: Consider

Vip(xX+6&,1) =Vepx + &L, x0+ 6, x3+ 83, 1)
oy +CLx+ &, x5+ G, t)f
axl
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ow(x1+ &1, x4+ &, x5+ E3,8)
+ ]
axz

+ oy (x1 + <1, x0 + &, x3 + &3, t)f(
GX3

oy ¢+ &, x3+6,1) 0(x + fl)i

o(x1 +<&1) 0x1
i

ow(x1+<&,x0+ &, x3+&3,1) 0(xn + fz)j

0(x2 + &) 0X7
i

+ op(x1 +<&,xa+ &, x3+8,1) 0(x3 +&3) »

k
0(x3 + &) 0X3
i

oy (xr S+ &, x5+ G, t)i

o(x1 +¢&1)
Oy (x1+ <1, x2+ &, x3 +83,1)
0(x2 + &) )
oy (x1 + <1, x2 + &, X3 +f3,f)f(
0(x3 +¢&3)
= Similarly,
Vey(x+&,1) = Vey (x1 + €1, X2 + &, X3 + 63, 1)
_ oy (x1 + &1, x2+ &, x3 + &3, t)f
o<
Oy (x1+ <1, x0+ &, x3 + 83, 1)
+ J
02
4 oy (x1 + <1, Xza;- ¢2, X3 + &3, f)f(
3
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oy L2+, x5+ 6, 1) 0(x1 +61) :
o(x1 + <) o¢

— ——
1

4 oy(x1 +<1,x0+ &, x3+83,1) 0(xp + é‘z)j
0(x2 + &) 02

—
1

Oy (x1+ <1, x20+ &, x3 + 83, 1) 0(x3 + &3) i
0(x3 + &3) 0¢3

— —
1

_ Oy (x1 + &1, x2 + &2, X3 + &3, t)f
o(x1 +¢1)

Oy (x1 + 1, x2 + 2, X3 + &3, 1) ¢
0(x2 + &) )

Oy (x1 + &1, x2 + &2, X3 + &3, f)f(
0(x3 + &)

= By comparing the final forms for V,w(x + &,¢) and V:y (x + &, 1), we
see that the two are equal.

= By the same argument, V,y,(x + &,t) = Ve, (x + &, 1).

m Also, by the same argument,
Vi yX+8,1)=Ve - yE+8E1)=V - ¥y(x+E,1).
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4.5: Volume-averaging theorems 1 and 2

Volume-averaging theorem 1

= We wish to show for scalar field y, if v is continuous in the a phase,
1 .
(Vl//a> =V (Wa) + V # Yally dA.
Agp
= We start with the definition of phase average for generic quantity 6:
1
a0 = [ 66+ 6. 0pux 80000
\%4
= Then, letting § = Vy,
1
rax ) = [[] (Fwer g0l g0 dv
|4

» Recall the product rule from calculus: V(AB) = (VA)B + A(VB), and
letA=y(x+&,t)and B = y,(x+ &,1).

= Noticing that the integrand is of the form (VA)B, we can then write

1
(Vyra(x, 1)) = V///Vwms,rm(xmmdvg

_%///VW(x+s,r>[wa(x+s,r>1dvf-

» Substituting the known gradient of the indicator function gives

1
(Vyra(x, 1)) = V///Vwms,rm(xw,mdvg

_|_%///V w(X+ & DRIX+ E — Xpp, 1) dVe.

m By the properties of the delta function, the second volume integral
drops to a surface integral over the a—f phase interface
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1 . 1 .
—/// w<x+s,r>na5(x+s—xaﬁ,ndvg:—# va(x 4, D), dA,
VIl V- I Ay

and we get

1
(V ya(x, 1)) = V///vams,r)ya<x+«s,t)]dvg

1 n
41 g][é V(X + &, ), dA.
V Aup

= We consider V = V, on the RHS, so it may be removed from the
integral because Vis independent of x. Thus, we obtain

(Vy,) =V [%///V p(x+§,1)y.(x+8§, t)st]

1 A
+_# l//a(x_i_g:t)nadA
%4 Aup

1

(VWa> =V (Wa) + _# Waﬁa dA,
\% A

which proves volume averaging theorem 1.

INTERPRETATION: Volume average of gradient = gradient of volume
average plus correction term.

m Correction sums up scaled vectors pointing away from the a—p
interface. Result points in the direction of largest surface field.

m By extension, we can find the intrinsic phase average

1 1 1 X
Vi, = — (V) = — V(Wq)‘f‘—# l/lanadA:|
Eq Eq V Aup

1

= V (eaya) + V#qaﬁ W, 0, dA:| :
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m Rearranging this expression gives

eaVia =V (& t,;a) + 1 # w,n, dA.
V Aup

= Be careful to note that ¢, is inside the gradient operator on the RHS,
which is important if ¢, is a function of x.

Volume-averaging theorem 2

= We wish to show for vector field ¢, if ¥ is continuous in the o phase,
1 .
Vv =V Wy b v hada
Agp
m We start with the definition of phase average for generic quantity 6
1
ux.0) =[] 0+ g0+ av
%
m Then,if0 =V -,
Vo t0) =3 ] (Vb g0+ 0 av

= The divergence operator also satisfies a product rule
V-(0F)=(Vy) - F+y(V-F). LetF =¢(x+§,1)and y = y.(x+§,1).

= Noticing that the integrand is of the form y (V - F), we can write

(V% 1) = ///v (x4 &, ya(x + £, )] dV;

5 [ v s v s mave
|4
m Substituting the known gradient of the indicator function gives

(V9 (x1)) = ///v WX+ &, 1) yu(x+ £, )]V

_|_V//V1ﬁ(x—|—§,t) -ﬁaé(X-FS _Xaﬁat)dvi'
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= As before, the second volume integral drops to a surface integral over
the a—p phase interface

7 ] pesn huatcrsxapnave = 3 b poeortn - iuda,

Aup

and we get

V-, (x1) = ///v [+ &, )yu(x + £ )] AV

1 R
+ — v, (x+&,¢) -n,dA.
V JT 4y

= We consider V- = V,- on the RHS, so it may be removed from the
integral because V is independent of x. Thus, we obtain

v =7 |5 [ vt sonsnave]

1
+— ¢a(X+§,f)'ﬁadA
Vv Aup
1 .
(V.¢a)=v.(¢a)+v ¥, - f, dA,
Aup

which proves volume averaging theorem 2.

INTERPRETATION: Volume average of divergence = divergence of volume
average plus correction term.

m Correction sums flux out of surface across a—p interface.

m By extension, the intrinsic phase average is

VAR 'ﬁ =V. # ¥, -0, dA.
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4.6: Volume-averaging theorem 3

= \WWe wish to show for scalar field v, if w is continuous in the a phase,

a o a o 1 A
l/j — <W > _ _# l//avaﬁ . nO! dA,
ot otV Ja,

where v,z is the velocity of displacement of the interface.

m We start with the definition of phase average for generic quantity 6

a0 = [ 66+ g0 8000V
v Iy
m Thenifweletd = oy/ot,

<a""“> // [Oya (X + &, 1)/0t]yu (X + £, ) dV-

m By calculus product rule, 6(AB)/ot = (0A/ot)B + A(0B/ot). Let
A=ywy(x+§,1)and B =y, (x+§,1).

= Noticing that the integrand is of the form (6A/dt) B, we can write

<a%> ///a[v’a(XH 1)7a (X + &, 1)1/01 dVe

- ///V pu (X + &, D07, (x +E,1)/0r]dV.

m Because V is independent of time, the order of differentiation or
integration in the first term may be reversed, and we obtain

OWq _ 0 (Wa)
ot ot

m First note that if the a phase is not deforming, the partial derivative
will be zero, and the integral term goes away.

/ V(X + £, )[090 (x + £, 1)/01] V.
\%

e This is the case we are concerned about.
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= [t is more complex if the a phase is deforming. Then, y, will be a
function of time, and the second term will be nonzero in general.

= We will use the fact that the total derivative of y, with respect to time is
dy,  0ya  dx10y, dx20y, dx30y,
dr ot | dr ox; | dt ox» | dr ox
0y,  dx
=% Tar
= Note: oy, /0t states how vy, changes as a function of time only. dy, /dt
instead states how an observer's measurement of y, changes as a
function of all variables, including observer’s own velocity dx/d:.

V7.

= To understand this, first suppose that 6y, /0t = 0. This means that the
v, function itself is not changing.

= |f we are located at some stationary (x1, x», x3) point, our velocity
dx/dr = 0, and we will look around and see that nothing is changing,
so the (total) derivative will also be zero.

= However, if we are moving around the function at some nonzero
velocity dx/dr, then we will experience a change in the value of y, that
we measure, even though the function itself isn’t changing, simply
because we are evaluating it at different points.

e Thus, dy,/dt # 0 in general, even when oy, /ot = 0.

 Further, we will get different values for dy, /dt when we move
around the space at different velocities dx/dz.

= This simplifies when the observation point moves at the same speed
as the a—p phase boundary, dx/df = vg:

074 dy,
— - Va ¢ V -
or  dt povy
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e For this choice of dx/dt, the total derivative becomes what is
known as a substantial derivative that moves with the interface.

= An observer “surfing on” the moving interfacial boundary will notice
no change in y, versus time.

= [t remains a step function that shifts with the moving boundary.

= The value of the function measured by the Y« %
observer moving at velocity v,z doesn'’t
vary with time.

— Vaﬁ

e
>

= S0, the total derivative is zero when dx/dt = v,5, and we can write

OYa
ayt — _Vaﬁ : Vya-
m This yields
a a a( a> 1
< (;/; >: (;/; +V///Vl/ja(x_*_g’t)vaﬁ(x—l_g’t)'Vya(x‘|‘§,t)d‘/§
— 0 (Wa) + l/// Vo (X + &, )Vap(X + &,1) - (—H,0(X + & — X)) dV:
ot %4 v

1 f— <l/j > ——# l//avaﬁ'na dA.
o1 or Vi,

INTERPRETATION: Volume average of time derivative = time derivative of
volume average plus correction term.

m Correction accounts for a net dilution of field vy, if V, is growing, or
a concentration of the field y, if the V, is shrinking.

= By extension
a a a 80( _OC 1 A
v :M__# S
ot ot V I,
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4.7: Continuum models: Charge conservation in the solid

= We now apply the volume-averaging theorems to develop continuum
model equivalents of the five microscale model equations.

» Start with the microscale model of charge conservation in the solid,
V-(l)=V-(—oVg¢,) =0.
= Using intrinsic averages and volume-averaging theorem 2

eV (—aVe¢s) =V - (83(—0'—%) + % ﬁg (—oVgy) -ngdA

0=V- (gs(—a—V@)) + % ﬁg (—o V) - ngdA.

m Let’s look at the integral term first. Note that we are integrating over
the solid-electrolyte boundary.

m L ast chapter, we noted the boundary condition for the charge
conservation equation; namely,

n,-ocVep, = —F]j.

ASSUME: That j is homogeneous, and that we can model j using
volume-averaged inputs.

1 1
— # (—oVg¢s) -nydA = — # Fj(cg, Ceo, b5, P.) dA
V ], V ],

A i Gy s s )

% CS€9C€9 S e

v J (Cs,

~ aSFj(ES,ea Ee: &Sa &e) — aSF.]_.'

ASSUME: To calculate a,, we typically assume spherical particles with
radius R, and volume fraction &,:
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total surface area of spheres in volume

a. =
' total volume of a sphere
4r R>  3ey
= & iﬂ;R3 = R .
3 s §

= S0, we now have the result

0=V. (gs(—a—V@)) Y a,F]

V. (gs(_a—v(ps)) — —a,F].

= What to do with the (—o V¢,) term? We might consider using
volume-averaging theorem 1, but note that we don’t know what ¢;n; is
at the boundary, so are unable to evaluate this term.

ASSUME: Instead, it's common to model g;,(—o V) & —oeV ;.

. 500 :
m The effective conductivity o = EL, where ¢ < 1 is the
T
constrictivity of the and = > 1 is the tortuosity of the media.

m That is, ¢ is the bulk conductivity of homogeneous materials, and
oefi 1S the effective conductivity of the solid in the porous media.

m Note that oeif < o since there are restrictions to flow of current.

= |t is frequently assumed that oeff = aef“’g, where “brug” is
Bruggeman'’s coefficient, and is normally assumed to take on the
value of 1.5, although other values may work better.

m To get better value for o, we could do microscale simulations with
realistic particle geometries, or measure directly via experiment.

» Collecting the above results, we now have the final continuum model
of charge conservation in the solid,

V- (_Ueffvés) — _asF]T'
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= Also note that &,i; = ¢,(—0 V) = —0eitVes.

How well does the Bruggeman relationship work?

= We now illustrate, by example, how well an effective property in a
volume-average equation can represent the effect of an intrinsic
property in a microscale equation.

= We use the PDE simulation system COMSOL to help find results
(example is adapted from COMSOL documentation).

= Consider the simplified microscale electrolyte concentration equation
oc
— + V.- (—=DVc) =0,
o TV =DV

Time=0 Surface: Concentration (mol/m?) Time=0.1 Surface: Concentration (mol/m3)
x107 A3 x107° A3

0 10 20 30 40 50 60 70 x107° ¥ 5.3453x10™% 0 10 20 30 40 50 60 70 %107 ¥ 8.0616x107°

= The rectangular objects are obstacles, which are similar in a sense to
the solid particles in an electrode.

= The voids between the rectangular objects are open, much like pores
in an electrode through which electrolyte can move.

m At + = 0 (left frame), there is a high concentration of material at the
left boundary, and zero concentration elsewhere.
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= By time 0.1 s (right frame), there is a uniform concentration gradient
established through the porous structure, as indicated by the shading.

= We're interested in modeling the flux of material out the right edge. It
is zero at time r = 0, and increases to a steady-state value over time.

m We simulate the high-fidelity PDE model over the complex geometry;

we also make a one-dimensional continuum model via

.
Ea—j + V- (=DeffVc) = 0,

where Dgi = De®"9.

Average flux through right barrier

= The microscale solution is
drawn as the solid blue line.

m Continuum-model solutions are
drawn for brug = 1.58 and
brug = 1.60.

Flux x10% (molm=2s~1)
N

— Exact solution
= = = Approximate, brug = 1.58

- = Approximate, brug = 1.60

0 0.025 0.05 0.075 0.1
Time (s)

= With the correct choice of “brug,” the continuum model gives
predictions that are very close to the exact solution.

o Results are nearly indistinguishable when brug = 1.59.

m S0, this example shows us that representing an effective property as
a constant times the intrinsic property can be very accurate.

= However, the Bruggeman constant may need to be different from the
commonly used value of 1.5 to achieve the best match.
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4.8: Mass conservation in the solid and electrolyte

Mass conservation in the solid

m As mentioned earlier, our continuum model has spatial dimension(s)
plus a pseudo dimension.

» This pseudo dimension represents what is happening at some point
inside a particle that resides at some spatial location.

» We could make a continuum model with three spatial dimensions
plus an additional pseudo dimension, resulting in a
pseudo-four-dimensional model. The math we develop here is
general enough to encompass this case, but

o We ultimately specialize to a model with one spatial dimension
plus the additional pseudo dimension, resulting in a
pseudo-two-dimensional model.

= WWe assume that there is a particle centered at any spatial location,
that the particle is spherical, and that the concentration of lithium
within the particle is spherically symmetric.

m SO, to create the continuum equation for mass conservation within the
solid, we don’t need to use any volume-averaging theorems, because
we are not volume averaging! Instead, we're specializing the
microscale equation to these assumptions.

. oc
= Recall the microscale model, ats

— V- (D,Vcy).

= Recall further that the divergence of a vector field can be written in
spherical coordinates as
1 6(r’F,) N 1 0(sinOFy) 1 0F,

V.-F=— . : -
r2  or rsind 00 rsin@ o¢
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ASSUME: Spherical particles, with symmetry in both the 6§ and ¢ axes.
This gives

1 &(r?F,
v.p= L0U7F)
r2  or

= Applying this to the RHS of the microscopic model gives
8cs 1 0 ( zacs)
— = —— (D).
ot  r2or or

Mass conservation in the electrolyte

= Recall the microscale equation for mass conservation in the
electrolyte,

oc, i, - V0
ot ZV-(Dche)— - *

where, for simplicity, we have chosen to write
dIn Co

D.,=DJ{1—- :
dInc,

ASSUME: We're going to immediately specialize to the case where we
assume that Vt?r = 0 and vo = 0. We also assume that the phases do
not deform, so v,, = 0.

— V. (CeV()) s

= Taking the intrinsic volume average of the LHS using
volume-averaging theorem 3 gives

Oce | 1 [0d(e.c.)
ot | e, or )’

» Taking intrinsic volume average of the RHS using volume-averaging
theorem 2 gives

1 1 n
V.-(D)Vc,) =— (V : (86D6Vc€) + v # D.,Vc, -n, dA) .
ASG

€e
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= We address the integral in the RHS: where we recall from the
boundary conditions in the prior chapter that n, - (D.Ve.) = (1 — t?r)j.

m Using the same approach as before, we assume uniform flux over the
interface and write

1 1
_ # D,Vc, -n,dA = — # (1-— l‘?_)j(cs, Cer Ps, Do) dA
V 4, V- JIa,

Ase " "
= (1 -0 =a,(1 —19)j.
m Therefore, the RHS becomes

V.-(D.Vc,) = l (V - (geDche) + ag(1 — tg)f) :

€e
= We now address the V - (¢.D.Vc¢,) term. Following the same kind of
reasoning as before, we write this as

V.- (geDeVCe) ~ V.- (De,effvae)s

&.D,0
where D, ¢t = —— and we often assume D, ¢ = D29 where

“orug” is generall§/ taken to be 1.5.

= So, combining all results

l (8(8656)) = l (V : (De,effV5e) + a,(1 — t‘?—)‘]_) .

Ee ot Ee
m Rewriting this gives our mass balance equation for the electrolyte,
0(&cCe)

ot =V (De,effVEe) + as(l - t-?-)]_

Commenting on the (1 — ) term,

= |f you have been paying close attention, the (1 — tjl) term in the above
equation might strike you as odd—none of the other closure terms
include this factor.
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= Let’s quickly look at an intuitive explanation of what is happening.

= Consider a volume element having an
interface between a solid particle and
the electrolyte.

Solid particle

J
-out

= Lithium flux is out of the particle, across w_| " L.,
the red boundary. e Electrolyte
m Per our earlier assumptions, the volume-averaged lithium flux is

- 1 :
ds] = V# ](Cs> Ces ¢S9 ¢e) dA.
AS@

= Not all of the pore-wall flux remains in the volume (increasing c.).
» Neither does all of the flux escape the
volume (which would keep ¢, the same).

Solid particle

m Let 1 be the fraction of the flux that

escapes, and 1 — 1 be the fraction that
is stored. as(1—2)] PFﬁ Electrolyte

-in -
le'| ag(1 — 1)) stored

-out
e

= To maintain macroscopic charge neutrality, a,(1 — 1) j negatively
charged PF, ions must be stolen from the neighboring volume.

= So the fraction of the added current that is carried by the Li* ionis A/
and the fraction of the added current that is carried by the PF, ion is

(1—2)j.
= By definition of 0, then, we must have 1 = ¢°.

» Therefore, the amount of lithium that stays in the local volume and
contributes to changing the local concentration is a,(1 — tﬁ)}.
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4.9: Charge conservation in electrolyte; Butler—Volmer:; BCs

Charge conservation in electrolyte

m Recall the microscale electrolyte charge-conservation equation,

2k RT o1
V-ie:v-(—wqbe— KF (1+alrrlf) (tﬁ—l)Vlnce)=O-

» For simplicity, we re-write this as

V-i,=V.-(—«xV¢, —xkpVinc,) =0,

where we have defined

2KkRT Oln f4 0
— 1 t, —1).
D F ( T Glnce)(+ )

= Using volume-averaging theorem 2 gives

o _1(c v, 1 .
V-i, = - (V (ecde) + v ﬁgse i, nedA) .

= We can compute the value of the integral by recalling that
i, -n, = —j F on the interface. Therefore, we approximate the integral
by —a,Fj.

V= (V- (k) — aF]) = 0
€e

0=V. (geie) — ast.

= Note that

e, = &, (—KV¢€ + —xpVIn ce) .

m As before, we approximate

—EK Ve N —KeftV e
—&.kpVinc, ® —xpeifV Ince,

where ket = k£2™9 and kp o = kpef™9.
e s e
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o Mathematically, it might be better to approximate Vinc, = ¢,Vinc,
by doing a Taylor-series expansion of Inc, around ¢, and keeping
the lower two terms in a volume-average integral.

e This would contribute an extra ¢, to the result. However this is not
generally done (probably because we can set xp ¢ to any value we
want, which might have the extra ¢, built in already, and probably
because the In¢, term tends not to be as large as the ¢, term).

= Combining, we get two results:
€y = —KettVp. — Kp etV InCo,
and

V- (keftVPe + kp etV Ine,) + asjF = 0.

Lithium movement between the solid and electrolyte phases

= WWe have already used this result, but for completeness we recall that

j = k()cl_a(cs max — Cs e)l_ac"‘ exp M” — exp _ﬂn _
e ’ ) s,e RT RT

= This shows up in models as:

1 . Ase . - 7 7
V ](CSa Ce, ¢Sa ¢e) dA ~ ](CS,€9 Ce, ¢s> ¢e)
ASE

Vv

~ asj(Es,ea Eea ésa &e) — as]T-

Boundary conditions for pseudo 2-D model

Charge conservation of the solid

m The electrical current through the solid at the current collector must
equal the total current entering/exiting the cell. That is,
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_ _ Ia
. Pp
Esly = —Oeff y ¢s — A ’

where I, is the total cell applied current in [A], and A is the
current-collector plate area in [m?].

= Similarly, the electrical current through the solid at the separator
interface must be zero.

= For the positive electrode,
Oy Oy
¢ =0, and ¢

ax x=LN€gy ] sep ax

_ _Iapp

x:Lmt_-z40df.
m For the negative electrode,

¢
oXx

= 0.

x=Lneg

ds|._, =0, and

Oy —1
¢ — — 2 ‘but when all PDEs
0X |og  Aeff

of the battery model are integrated together, this condition is
redundant and is not implemented.

m |t is also true, for the anode, that

Mass conservation of the solid

= Boundary conditions on the mass conservation equation are:

oc -
=0, and D, — = —7,

r=0 or r=R;

where positive j indicates lithium flowing out of the particle.

0Cq
or

Mass conservation of the electrolyte

= There must be no electrolyte flux at the cell boundaries
OC,
ox

28,

= 0.

x =] tot

=0 ox
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Charge conservation of the electrolyte

m The ionic current must be zero at the current collectors. At the
separator boundaries, the ionic current must equal the total current
entering/exiting the cell:

v 7 — Iapp
Eele = _Keffv¢e — KD,effV In Co = ——-

m S0, at the current collector boundaries, we have:

O, olnc, 0o dlné,
+ KD, eff + KD eff = 0.
ox ox ox

x =] tot

= Keff

Keft
x=0 0x

m As before, we have boundary conditions at the separator interfaces,
but these are redundant and not implemented:

O olnc, O olnc,
— K — K
ox D, eff ox D, eff Ox

= —Keff

—Keff
x=Lneg 0x

x=L"eg ] sep A
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4.10: Cell-level quantities; PDE simulation methods

Cell voltage

m Cell voltage is equal to the positive current-collector’s potential minus
the negative current-collector’s potential.

= Since the solid phase is in direct electrical contact with the current
collector, we then compute the cell voltage as

D(t) — &s(LtOta t) — &s(oa t)'
= And, since we have defined ¢,(0, t) = 0, we can further simplify to

o(r) = ¢s (L, 1).

Cell total capacity

= Cell total capacity is determined in the same manner as in Chap. 3:

Qneg AFLneggnegCneg |X1()()% — X()%l /3600Ah

S, max

QP = AFLP%®ePScP%  1y100% — yoo| /3600AN,

S, max

and
Q = min (Q"9, OP*) Ah.

Cell state of charge

= Similarly, cell state of charge is determined in the same manner as in
Chap. 3:

neg , neg
Cy avg/cs max — X0%

X100% — X0%

(POS ; pos
Cs avg/Cs max — Y0%

Y100% — Y0%
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Model simulations

= We have the full set of equations for the continuous scale, which is
great, but useless unless we can do something with them.

= One very important application of the model is to use it in simulation
to help understand how a cell works, and then use that to inform how
a cell should be built, and/or how a cell should be operated.

= Digital simulation of continuous phenomena require discretizing the
problem in time and space.

FINITE DIFFERENCE: Divide space and time into small segments.

m Discretize the derivatives in the equations using Euler’s rule or
similar over these segments.

= Write the resulting system of equations, and solve using a linear
algebra solver at each time step.

» The linear diffusion example in Chap. 3 introduced this method.
FINITE VOLUME: Divide time into small segments, space into volumes.

m Flux terms at volume boundaries are evaluated, and
concentrations are updated to reflect the material fluxes.

» This method enforces mass balance: because the flux entering a
given volume is identical to that leaving the adjacent volume, these
methods are conservative.

= Another advantage of the finite volume method is that it is easily
formulated to allow for unstructured meshes.

= The method is used in many CFD packages.
m The spherical diffusion example in Chap. 3 introduced this method.
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FINITE ELEMENT: Time is discretized as with the other two methods.

m Space, however, is formulated as a summation over N quadratic or
linear basis or finite-element functions y,,(x) for1 <m < N.

= One example is shown below. 1 Example FEM basis functions
m Each color represents a linear
(triangular-shaped) basis
function such that the
summation of these N = 11
functions is equal to 1 at every x
location. % 0.2 0.4 06 0.8 1

Normalized spatial coordinate x/L

= Then, the variable being studied is written as a weighted sum.

0.75}

Value
o
(@) ]

0.25}f

m For example, if we are interested in some variable 6(x, r), we write it
as

N
0(x,1) =D On()ym(x).

m=1

» This simplifies the problem since the y,,(x) are fixed:

o We convert a two-dimensional problem 6(x, ¢) into N
one-dimensional problems 6,,(¢).

o These are then evaluated by rewriting the PDEs in vector form for
these one-dimensional variables, and solving.

» The shape and spacing of the elements can be varied to improve
accuracy in specific areas, as long as they always sum to 1.
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4.11: Implementation in COMSOL

m Each PDE-evaluation method has advantages and disadvantages,
and each has been used to simulate models of battery cells.

= Here, we introduce COMSOL, a commercial FEM solver code,
primarily because it is driven by a GUI that makes it relatively
straightforward to implement and modify model equations.

» The schematic to keep in mind is
Negative electrode Positive electrode

Current collector

Current collector

o Most equations work in one dimension, x, but one works in a
second radial pseudo dimension, as we will see later on.

Charge conservation in the solid

= The first thing we need to do is to rewrite the PDEs in a manner most
easily digested by COMSOL.

= The first equation we desire to implement is:
V. (Ueffv$s) = asF]_.-

= First, we note that the COMSOL implementation normalizes the
lengths of each cell region to 1.
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= We will use symbol x to represent position with respect to normalized
length, and x to denote actual position.

= |n the negative electrode, x = x/L"®9; in the positive electrode,
X = (x — L"9 — LP)/LP% Generically x = x/L + cst.

m Therefore, also,
0() _o()ox _ a0)

ox  ox ox  Ox
o() _o()ox _ 1a()
ox  ox ox L ox’
= This changes the equation we wish to implement to:

1 Oeff - .
-V (%qus) — a,F].

=» The COMSOL implementation multiplies both sides by L (better
convergence)

V. (sigma_eff/L*xphi sx)=L*xas*xF % J,

where the following variables are defined

= Note that in COMSOL syntax,

phi sx = —phi_s,
dx

and COMSOLs “x” is our normalized dimension “x”.

Mass conservation in the solid

= WWe desire to implement

ocCy 1 o 5, 0C;
s 2 (p,r2EE).
ot r2or or
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= Note that this equation operates in the “pseudo” dimension, r, instead
of the linear dimension x.

m That is, at every “x” location, a copy of this radial equation is
operating, representing the radially symmetric concentration profile of
lithium in a representative spherical particle sitting at that “x” location.

= We also normalize the radial dimension: Let ¥ = r/R;.

o() _ 140

or Rs or

oc 1 1 0 1 oc
Yts _ —~ (b, Rz =2 s
ot (Rng) R, af( ( )R ar)
= Multiply both sides of the equation by 7*R, and rearrange to get what
COMSOL implements
5. 0 0 ( 7 acs)
r’'Ry—cy+—=\—-—Ds——=) =0,
"ot or R or
except that COMSOL uses y instead of r.

= Then, r* = R%7* and . This allows us to re-write our PDE

as

= Note that COMSOL implements the all of the spatially adjacent
particles as blocks:

= |n this figure,

o The horizontal dimension is the cell “x” spatial dimension;
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« The vertical dimension is the radial “»” pseudo-dimension (particle
surface is at top, r = Ry; particle center is at bottom, r = 0);

» The left block represents the anode and the right is the cathode;
o Dark red is high concentration; dark blue is low concentration;
e This is a cell at a high SOC that is presently discharging.

m There is no diffusion of lithium in the horizontal dimension, but there
is diffusion in the “vertical” or radial dimension.

m This is represented in COMSOL using the equation:

. oc, 0, 0
y 2% Rsk— + V. (— ) * Veg) = 0,
ot 0, v 2xDs/Rs
0 O , : :
where V = [ =% 7 } and where the following variables are defined:
X 0y

R, | Dy
Rs | Ds

Charge conservation in the electrolyte

= WWe desire to implement
V- (kettVe + kp etV Inc,) + a,F j = 0.

= Once again, COMSOL normalizes lengths, which converts the
equation to

- KD, eff
—v. (v ’
7 T ¢ +

| _
(Ke” Vin 56) — —a,F].

1 o :
» COMSOL implements VInc, as —Ve,. It also multiplies both sides of
C

the equation by L (better convergénce), so the equation that is
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actually implemented is:

V. (kappa_eff/L* (phi_ex + kappa_D fact *x1/c_e % c_ex))
= —Ls*xas*xF % 7.

where the following variables are defined

Keff ‘ KD, eff/ Keff ‘ as

kappa_eff‘kappa_D_fact‘as‘j‘L‘phl e‘c

= Note again that in COMSOL syntax,

phi ex = —phi_e and C_ex=—c_e,
dx dx

and COMSOLs “x” is our normalized dimension “x”.

Mass conservation in the electrolyte

= We desire to implement
0(&.Ce)
ot
= Once again, COMSOL normalizes lengths, which converts the
equation to

=V (De,effVEe) + as(l — t-?-)]_

0(e.C) 1 oo 0y 7
—— =7V (DeerpVé) +as(1-1) ).

= What is actually implemented is

OC,
eps_e*Im«5;4—V-(—De_eff/L*th):];*as*(l——t_plus)*j,

where the following variables are defined

De,eff ‘ t_|_ ‘ Ay

De_eff‘t_plus‘as"

Lecture notes prepared by Dr. Gregory L. Plett. Copyright © 2011-2018, Gregory L. Plett



ECE4710/5710, Continuum (Porous Electrode) Cell Models 4-43
Butler—Volmer equation

m Notice that the units of ky, are rather awkward.

» The exponential terms of the Butler—Volmer equation are unitless,

and j has units molm=2s~.

« Therefore, k, must have units of mol*~! m*3¢ g1,

o COMSOL struggles with units having non-integer powers, so this
poses a problem.

m A solution is to define a normalized exchange current density

a
s,e

C l—a C C 1—a c a
1—a e s,max ~ Lg,e s,e
~ ~~ - \Ce,0 Cs,max Cs,max

norm
k()

. 1—a 1—a
lp = FkOCe (Cs,max — Cs,e) C

where ¢, is the at-rest concentration of lithium in the electrolyte.

m Re-arranging the exchange current density in this form makes the
terms raised to non-integer powers themselves unitless, and gives
k0°™ units of molm~2s™', which is much easier to work with.

= We can rewrite the Butler—Volmer equation as

l—-a o
c c —c c
— knorm e §,max s,e s, e
/ 0 ((Ce,O) ( Cs,max )) (Cs,max)
(1—-—a)F aF
X 1expl ————n ) —exp| — .
p RT n p RT”

= Also note: most articles that discuss simulation of lithium-ion cells do
not give values for k(. Instead, they give values of i, that apply at the
beginning of the simulation, from which you must derive &, or k{°™.
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Running COMSOL

= Here’s a screenshot taken when running COMSOL.

- Yale)

li-ion-cell. mph

IpBolse|Dd|é- B
=ty O

Y3 li-ion-cell.mph (root) -
E Global Definitions

7 Model Builder

rpelation 1 {Eref neg}
2 (Eref_pos)
<\ Interpolation 3 (Kappa)
/' Plecewise 1 {input_current)
/~ Ramp 1 (nice_abs)
— 1D cell model {(main_dimj}
= Definit

4 Geometry L
¥, Composite Object 1 (11)
[## Form Unien fin)
8 Materials
Au Solid charge conservation (phi_s)
General Form PDE
=Zero Flux 1
Initial Values 1
Initial Values 2
=Constraint 1
=Flux/Source 1
¥ Au Electrolyte charge conservat
General Form PDE
=Zero Flux 1

ion (phi_e)

Initial Values 1

7 71 Electrolyte diffusion {c_e)
Convection-Diffusion Equation
=Zero Flux 1
Initial Values 1
=Zero Flux 2

G Settings [[m Model Library

b~ Point Graph

S@ =0

™ Description

¢! Craphics ¢l Convergence Plot 1 Q@ Q R | I :

Cell voltage [V]

Coloring and Style

Legends

Point Graph: Cell valtage [V

wl F/’\

Cell vol wi
=

a 5 10 15 20 25 30 35 40 a5 5

Messages 23

COMSOL 4.2.0.150
Number of degrees of freedom solved for: 1464.
Solution time (Study 1): 13 5.

Progress Log | i£| Resufts

¥ 5 Mesh 1
Luisize
== b Ok

£ LY P locs X
3 : BRI [ : )

416 MB | 4646 MB

= |t is simulating a rest followed by a charge pulse, followed by a rest,

followed by a discharge pulse, followed by a rest.

Where from here?

= We're making excellent progress. We're now at a point where we can

fairly readily simulate cell performance and behavior.

m But, the equations are still far too complicated to implement in a
real-time embedded system, as needed for battery controls.

= S0, our next step is to look at ways to reduce the complexity of the

model equations, while still retaining the physics behind them.
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Glossary

= a,(x, y, z,t) [M*m~3] is the specific interfacial area: the area of the
boundary between solid and electrolyte per unit volume.

=, (x,y,2z, 1) [molm~3] is the intrinsic volume average concentration of
lithium in the electrolyte in the vicinity of a particular location.

mC.(x,y,2,t) [mol m~3] is the intrinsic volume average concentration
of lithium at the interface between solid and electrolyte in the vicinity
of a particular location.

m Jd(x, v, z,t) [unitless] is the constrictivity of a porous media in the
vicinity of a point. 6 < 1.

» D, oit(x, y, z, 1) [M? s '] is a short form for D, et &~ D,”™9 = D&,

m g (x,y,z,t) [unitless] is the porosity or volume fraction of the
electrolyte phase in an electrode (other phases include the solid
phase and inert-materials phase).

me.(x, v,z t) [unitless] is the volume fraction of the solid phase in an
electrode (other phases include the electrolyte phase and
inert-materials phase).

mp(x,y,z,t)[V]is the scalar field representing the electric potential at
a given point.

= $.(x,v,z,t) [V]is the intrinsic volume averaged scalar field
representing the electric potential in the electrolyte in the vicinity of a
given point.

= p.(x,, z,t) [V] is the intrinsic volume averaged scalar field
representing the electric potential in the solid in the vicinity of a given
point.
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" j(x,y,z,t) [molm~2s~']is the rate of positive charge flowing out of a
particle across a boundary between the solid and the electrolyte.

" j(x, v,z t) [molm~2s']is the volume-averaged rate of positive

charge flowing out of a particle across a boundary between the solid
and the electrolyte.

»x(x,y,z t) [Sm~']is a material-dependent parameter of the
electrolyte called the bulk conductivity of homogenous materials
without inclusions in the vicinity of a given point.

® keii(x, y, 2, 1) [Sm™ ] is the effective conductivity of the electrolyte,
representing a volume averaged conductivity of the electrolyte phase

in a porous media in the vicinity of a given point. We often model

brug — Kgl's

Keff ~ K&, e

® Kpeff(X, y,2, 1) [A m_1] is a short form for kp e & KDgsrug — KDEel'S.

"o (x,y,2z 1) [Sm~']is a material-dependent parameter of the solid
electrode particles called the bulk conductivity of homogenous
materials without inclusions in the vicinity of a given point.

m oeii(x, v, 2, 1) [SM™1] is an electrode-dependent parameter called the
effective conductivity, representing a volume averaged conductivity of
the solid matrix in a porous media in the vicinity of a given point. We

often model gef ~ 0?9 = ge!”.

m7(x,y, 2z, t) [unitless] is the tortuosity of the porous media in the
vicinity of a point. = > 1.
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