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Discrete-timecontrol systemswill bedesignedandtestedusingmicrocomputers, compensators, A/D andD/A con-
verter analog computers. Experimentsin the control of discreteand analog systemswill be performed. Coreq.,
ECE4540.

Instru ctor: TBD Of�ce: TBD Phone: TBD email: TBD

Cour se web-p age: http: //mocha- java.u ccs.edu /ECE456 0/
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Summar y: Thiscoursedealswith practicalaspectsof controlengineering.It is intendedasacompanioncoursefor
ECE4540(Digital ControlSystems),andservesto augmentanddemonstrateconceptspresentedin theclassroom.

Matlab/Sim ulink: You will useMatlabÒ andSimulinkÒ extensively. Prior familiarity with MatlabandSimulink
is assumed.You arenot requiredto purchasethesepackages.MatlabandSimulink run on thecontrol-systemslab
computersandon theECEmultimediaroomcomputers.

Grading : 10% of your coursegradewill dependon your prelabassignmentsand90% of your coursegradewill
dependon your lab reports.No lab reportwill begivena gradebetterthan“F” until you turn in anapprovedprelab
assignmentfor thatlab. Seefurthernoteregardinggradingon thebackof thispage.

Lab Syllab us

Laboratory Orientation

1. Discrete-timesimulationwith Simulink.

(Freelabperiodto write up formal report)

Unit 1: Designby Emulation

2. Time-domaincontrolleremulation.

3. Frequency-domaincontrolleremulation.

(Freelabperiodto write up formal report)

Unit 2: Digital Effects

4. Sampling,aliasing,zero-orderhold.

5. Discrete-timeplantmodeling.

6. Filter structureand�nite-precisioneffects.

(Freelabperiodto write up formal report)

Unit 3: Transfer Function Controller Design

7. Frequency-responsecontrollerdesign.

8. NumericoptimalPID controllerdesign.

9. Ragazzini's directcontroldesignmethod.

(Freelabperiodto write up formal report)

Unit 4: State-SpaceController Design

10. State-feedbackcontrollerdesign.

11. Stateestimationandcontroldesign.

(Formalreportduebeforeendof examweek)



Work Load: This is anaggressive lab courserequiringweekly assignments. On average,expect to spend3 to 4.5 hours
perweekoutsideof the lab preparing for the labsandcompleting lab writeups. This is in accord with UCCSpolicy relating
credithours for a laboratorycourseto studentworkload. Somestudents will �nd thatmoretime is required, while others will
�nd thatlesstime is required.

Grading: Dueto spaceandequipmentlimitations,thelabsmustbeperformedin groupsof two or threestudentspergroup.
Yourgradewill belargelydetermined by thequalityof your report.Thereportswill begradedbasedonorganization,technical
accuracy, neatness,grammarandspelling.If a lab-group submitsasinglereport,theneachstudentwill receive thesamegrade
for thelab report.If eachstudent in a lab-groupsubmitshisor herown report,each studentwill receive anindividual grade.

Lab Reports: TheDepartment requiresformal lab reportswhichmustsatisfy thefollowing formatrules:

1. Title page: Thismustincludea title, group member names,courseandsectionnameanddate.

2. Introduction: Explain thebackgroundandobjectiveof thelab indicatingrequirementsanddesiredresults.

3. Discussion:Discusstheunderlying applicable theoryandconceptsthatsupportthemeasurements. Indicateanddiscuss
themeasurement set-upandequipmentused.

4. Measurementdataand/orResults:Present measurement resultsin tabular, graphical or numericform. Presentresults
from requiredlabexercises.

5. Discussionof Measurements:Discussmeasureddatain context of comparisonto expectation, accuracy, dif�culties, etc.

6. SummaryandConclusions:Discuss�nd ings,explainerrorsandunexpected results;summarizeandindicateconclusions.

Furtherrequirementson thelab reportare:

1. Correctspelling,grammarandpunctuationis required.

2. Report mustbetyped;�gures, drawingsandequationsmaybehandwritten.

3. Formatof referencesmustconform to IEEE(transactions)standards.

Prelab Assignments: Beforeyou enterthelaboratoryeach week, you areexpectedto thoroughly readandunderstand
thecorresponding lab writeup in this lab reader. Eachlab hasa prelabassignment.This assignment mustbecompletedand
turnedin to thelab instructorbeforeyouwill bepermittedto startthelab. Eachof yourprelabassignmentsmustcontain:

² Answersto thespeci�c questionsgiven in the“Prelab Assignment”portionof thelab reader for thatlab,

² A paragraphdescribingwhatyouaresupposedto doduringthelab,

² A paragraphdescribingexpectedresults.

A portionof your coursegradewill beassignedbasedonyour prelabassignments. Furthermore,nogradebetterthanan“F” is
possiblefor any lab reportuntil anapprovedprelabassignment hasbeen turnedin for thatlab.

Missed Labs: Attendanceis your responsibility. Missedlabswill count asZERO without a physician's documentation
of anillness,or otherappropriatedocumentationof anemergency beyondyourcontrolandrequiringyour absence.

Please Note: Theinstructorreservestheright to changethesyllabusandto addor deletelab assignmentsdependingon
circumstances.Changeswill beannounced ahead of time,andhandoutswill begiven outat leastoneclassaheadof thelab.

The Control-Systems Lab and the Lab Reader This materialis baseduponwork supportedby theNa-
tional ScienceFoundationunderGrantNo. 9981009.Any opinions,�ndings, andconclusionsor recommendations
expressedin this materialare thosof the authoranddo not necessarilyre�ect the views of the NationalScience
Foundation.
ThelabreaderhasbeencomposedusingtheLYX documentprocessingsystemandtypesetwith LATEX2" . All originaldiagrams
have beencreatedusingeitherx�g or Matlab. Screenshotsweremadeusingxv.

The lab readerhasbeenprepared by Dr. Gregory Plett; however, muchhasbeen taken from the manual for the Model 730
MagneticLevitation unit by Educational Control Products(ECP),http://w ww.ecpsyste ms.com, andthemanual for the
RealTimeLinux Target (RTLT) by Quality Real Time Systems(QRTS),http://www .qrts.com . Text anddiagrams have
beencopiedfrom thesemanuals.Scannedphotosfrom theECPwebsitehavealsobeen included. All areusedwith permission
of ECPandQRTS.



ECE4560: Digital Contr ol Laborator y. 1–1

Discre te-Time Simulation with Simulink

1.1 INTRODUCTION

A fundamentalaspectof digital controlsystemsis thatthey operatein discretetime ratherthancontinuoustime. In
this lab periodyou will discover how to implementandsimulatediscrete-timesystemsin Simulink. This will be
importantasthesemesterprogressessinceyouwill useSimulinkto controltheLab'sMagneticLevitation(MagLev)
systemsusingdigital controlmethods.

1.2 THIS LAB IS: : :

During this labperiod,two issueswill beaddressed:

² Orientation:A quickoverview of thesyllabusandexpectationsfor lab reports.

² Discrete-TimeSimulation:How to useSimulink to performdiscrete-timesimulation.

1.3 ORIENTATION

1.3.1 Prerequisites

Theprerequisitefor this lab is ECE4510:Feedback Control Systems. This is implied by thecorequisiteECE4540:
Digital Control Systems. Speci�cally, the ECE4530: Feedback Control Laboratory is not a prerequisitefor this
lab course.However, if you have not takenECE4530,you will beat a disadvantage.Pleaseread(very carefully)
Apps.A andB. A thoroughunderstandingof thematerialin App. B is critical.

1.3.2 The Lab Reader

This lab reader1 containselevenlabs.The�rst is a Simulink-only lab. Theremaininglabsaredividedup into four
“units”. The �rst unit focuseson digital designvia emulatinga continuous-timedesign;thesecondunit addresses
digital effectsnot presentin continuous-timedesign;the third unit concentrateson control designusingtransfer-
functionmethods;andthefourth unit looksat state-spacemodelsanddesign.Eachlab hasa detaileddiscussionin
this lab reader, andaconsistentformatis usedthroughout:

Intr oduction: A shortintroductionto thelabexperiment.

This Lab Is. . . : A summaryof themainpointsof thelab.

1ThereaderhasbeenenteredusingtheLYX documentprocessingsystemandtypesetwith LATEX2" on a Pentiumclasscomputerrunning
theLinux operatingsystem.All originaldiagramshavebeencreatedusingeitherx�g or Matlab. Screenshotsweremadeusingxv.

The lab readerhasbeenpreparedby Dr. Gregory Plett; however, muchhasbeentaken from the manualfor the Model 730 Magnetic
Levitationunit by EducationalControlProducts(ECP),http:/ /www.ecps ystems.c om, andthemanualfor theRealTimeLinuxTarget
(RTLT) by Quality RealTime Systems(QRTS), http:// www.qrts .com . Text anddiagramshave beencopiedfrom thesemanuals.
Scannedphotosfrom theECPwebsitehavealsobeenincluded.All areusedwith permissionof ECPandQRTS.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs



ECE4560, Discrete-Time Simulation with Simulink 1–2

Background: Theoryandpracticalinformationrequiredto performthelab.

Prelabassignment: An assignmentwhich must becompletedandturnedin beforeyou will bepermittedto start
thelab.

Laboratory Experiment: Theexperimentto beperformedduringthelabperiod.

Assignment: Itemswhichmustbeincludedin theformal labwriteup.

1.3.3 Prelab Assignments

Beforeyou enterthe laboratoryeachweek,you areexpectedto thoroughlyreadandunderstandthecorresponding
lab writeupin this lab reader. Eachlab hasa prelabassignment.This assignmentmustbecompletedandturnedin
to thelab instructorbeforeyouwill bepermittedto startthelab. Eachof yourprelabassignmentsmustcontain:

² Answersto thespeci�c questionsgivenin the“PrelabAssignment”portionof thelab readerfor thatlab,

² A paragraphdescribingwhatyouaresupposedto doduringthelab,

² A paragraphdescribingexpectedresults.

A portion of your coursegradewill be assignedbasedon your prelabassignments.Furthermore,no gradebetter
thanan“F” is possiblefor any lab reportuntil anapprovedprelabassignmenthasbeenturnedin for thatlab.

1.3.4 Lab Reports

A syllabusof lab topicsis listedon the front pageof this lab reader. You will seethat thesemesteris divided into
four mainunitswhicheachcontainanumberof labs.Thereportfor Lab1 is dueat thebeginningof labperiod2; the
reportsfor Labs2 and3 aredueat thebeginningof labperiod4; thereportsfor Labs4–6aredueat thebeginningof
lab period7; thereportsfor Labs7–9aredueat thebeginningof lab period10; thereportsfor Labs10–11aredue
beforetheendof �nals week.

TheDepartmentrequiresformal lab reports.Theformatfor formal lab reportsmustcomplyto thefollowing:

1. Title page:Thismustincludea title, groupmembernames,courseandsectionnameanddate.

2. Introduction:Explainthebackgroundandobjectiveof thelab indicatingrequirementsanddesiredresults.

3. Discussion:Discusstheunderlyingapplicabletheoryandconceptsthatsupportthemeasurements.Indicate
anddiscussthemeasurementset-upandequipmentused.

4. Measurementdataand/orResults:Presentmeasurementresultsin tabular, graphicalor numericform. Present
resultsfrom requiredlabexercises.

5. Discussionof Measurements:Discussthemeasurementdatain context of comparisonto expectation,accu-
racy, dif�culties, etc.

6. SummaryandConclusions:Discuss�ndings, explain errorsandunexpectedresultsandsummarizeandindi-
cateconclusions.

Furtherrequirementson thelab reportare:

1. Correctspelling,grammarandpunctuationis required.

2. Reportmustbetyped;�gures, drawingsandequationsmaybehandwritten.

3. Formatof referencesmustconformto IEEE(transactions)standards.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs
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1.4 BACKGROUND

Controlsystemsimplementedonadigital computerarecalleddigital controlsystems(tricky, huh?).Digital control
systemsdiffer from theiranalogcounterpartsin two importantways.

1. Digital systemsoperatein discretetime, not continuoustime. That is, control computationsdo not occur
continuously(as they do usingop-ampsfor analogsystems), but occurat discreteinstantsin time. These
instantsareusuallyregularperiodictimes,separatedby thesamplingperiodT [sec]. Thesamplingoperation
introducesartifactsinto thesignalwhichareknown assignalaliases. It alsointroducesdelayinto theclosed-
loopsystemwhich tendsto destabilizethecontrol.

2. Digital systemsdo not usein�nite-precision mathematics.To storethevalueof a signal—suchasa control
signal—incomputermemory, thevaluemustbequantized. Thismeansthatthevalueis roundedto thenearest
numberwhichcanbestored.Thecoef�cients of thetransferfunctionof thecontrollermustalsobequantized.
Thesearetwo separateissues:signalquantizationandcoef�cient quantization.

In this labperiodyouwill implementandsimulateadiscrete-timesystemin Simulink.

1.4.1 Notation for Sampling

Considera continuous-timesignalx.t / . If we look at the signalat discretepointsin time that areseparatedby a
constantsamplingperiodT, thenwehavethesetof valuesx.kT/ wherek is aninteger. To simplify notation,wesay
thatx[k] D x.kT/ wherex[k] is adiscrete-timesignal(denotedusingsquarebrackets)andx.t/ is acontinuous-time
signal(denotedby parentheses).Whenyoureadx[k] youshouldunderstandthatsomesamplingperiodT is implied,
whichmustbesomehow speci�edelsewhere.

1.4.2 Linear Constant Coef�cien t Difference Equations

Thecontinuous-timesystemsyouhaveseenarede�ned by LinearConstantCoef�cient OrdinaryDifferentialEqua-
tions(LCCODEs).Linear, time invariant,lumpeddiscrete-timesystemsmaybede�ned by LinearConstantCoef�-
cientDifferenceEquations(LCCDEs).A controllerwouldbeimplementedwith aLCCDEsuchas:

nX

i D0

ai u[k ¡ i ] D
mX

i D0

bi e[k ¡ i ];

with inpute[k] andoutputu[k] andai andbi whichdeterminethetransferfunctionof thecontroller.

An examplediscrete-timesystemis a discrete-timeintegrator. If the samplingperiodis T, thenthe outputof an
integratormaybeapproximatedby (rectangularrule)

y[k] D T
kX

i D0

x[i ];

wherey[k] is theoutputof theintegralandx[k] is theinputsignal.Note: y[k ¡ 1] D T
P k¡ 1

i D0 x[i ] sowecanwrite2

y[k] D y[k ¡ 1] C Tx[k]:

1.4.3 Discrete-Time Simulation

Whenwe considerimplementingtheabove equation,we �nd thatwe needtwo quantities:x[k] andy[k ¡ 1]. The
input to thesystemis x[k], andy[k ¡ 1] is a delayedversionof thesystem's output.Therefore,we canimplement
theaboveequationwith a feedbackloopwhichhasadelayin it.

2Noticethatthis is thesameasy[k] ¡ y[k ¡ 1] D Tx[k], which is of theLCCDEform. However, theform givenin themaintext is more
usefulfor us.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs
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Figure1.1 Simulink'sdiscrete-timelibrary.

Simulink hasa numberof blockswhich will aid you in makingdiscrete-timesimulations. Thesearepart of the
Discrete-TimeSimulink library, andareshown in Fig. 1.1.Thetwo blocksof interestto usnow arethe“Zero-Order
Hold” and“Unit Delay” blocks.Over thecourseof thesemester, you will learnto usemany of theotherblocksas
well. Thereasonfor thelabel1=z on theunit-delaywill alsobecomeapparent.

To continuewith theintegratorexample,considertheblock diagramin Fig. 3.1on page3–2.A source(in this case
a sinewave) generatesaninput signalx.t / . This signalmustbesampledto make x[k]. TheSimulink block which
doesthis functionis the“Zero-OrderHold” block. Thex[k] signalis scaledby T to produceTx[k]. Theoutputof
theintegratoris y[k] which is computedasx[k] C y[k ¡ 1]. The�nal remainingsignaly[k ¡ 1] is computedfrom
y[k] by passingit througha “Unit Delay” block.

Thezero-orderhold, ampli�er andunit delayblocksrequirethesamplingperiodT. You will �nd that it is bestto
entertheseassymbolicT andde�ne thevalueof T in theMatlabworkspace.Thisallowseasyandconsistentchange
of samplingrate.

Zero-Order
Hold z

1

Unit Delay

Sine Wave Scope

T

Gain

x(t) x[k] y[k]

y[k-1]

Tx[k]

Figure1.2 Discrete-timeintegratorimplementedin Simulink.

1.5 PRELAB ASSIGNMENT

Therearenoprelabquestionsfor this lab. Youarestill expectedto submitaprelabcontainingaparagraphdescribing
whatyouaresupposedto doduringthelab,andaparagraphdescribingexpectedresults.

1.6 LABORATORY EXPERIMENT

A “leaky” integratoris de�ned by thedifferenceequationy[k] D ay[k ¡ 1] C Tx[k], whereusually0 · a < 1. The
systemis stable,however, for ¡ 1 < a < 1.

1. Implementa leaky integrator in Simulink. Plot the stepresponseof the systemfor a numberof valuesof
0 · a · 1. Also plot thestepresponseof thesystemfor anumberof values¡ 1 · a < 0. UseT D 0:1sec.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs
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2. Plot theresponseof thesystemwith theinput beinga sinewave anda D 0:9. Usea sinewave of frequency
1rad=sec. UsesamplingperiodsT D 0:1; 0:5; 1sec.

1.7 ASSIGNMENT

Include your Simulink diagramand plots in your report. Commenton the shapesof the output curves. What
prominentfeaturesdoyousee?How doyouexplain them?Your “leaky integrator”alsohasanothername—suggest
whatkind of discrete-time�lter it is implementing(Hint: It is eithera low-pass,band-passor high-pass�lter).

Note: Youhave thenext labperiodfree;thereportfor Lab1 is dueat thebeginningof thefollowing labperiod.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs
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Unit 1

Designby Emulation

In thelaboratorythissemester, therearefour majorgroupsof labs.Thisunit is the�rst suchgroupandit focuseson
digital controldesignvia “emulating”ananalogcontroldesignfor thesameplant. In:

² Lab 2 you will usetime-domainmethodsto transforma continuous-timecontrol designto a discrete-time
controldesign;in

² Lab3 youwill usefrequency-domainmethodsto transformacontinuous-timecontroldesignto adiscrete-time
controldesign.



(mostlyblank)



ECE4560: Digital Contr ol Laborator y. 2–1

Time-Domain Contr oller Emulation

2.1 INTRODUCTION

Two differentapproachesmaybetakento digital controllerdesign.The�rst, which you investigateduringthenext
two labperiods,emulates(or simulates)aknown analogcontroldesignin discretetime. Thesecond,whichyouwill
investigatetherestof thesemester, usesdirectdigital designmethods.

2.2 THIS LAB IS: : :

² An introductionto emulationby simulatinganLCCODEwith anLCCDE.

² Your �rst discrete-timecontrolsystem.

2.3 BACKGROUND

Analogcontroldesigntechniquesfor single-inputsingle-output(SISO)dynamicsystemsresultin controllertransfer
functionsD.s/. Theinput to thecontrolleris thetrackingerrore.t/ D r .t / ¡ y. t / andtheoutputof thecontrolleris
thecontroleffort u.t / . Therefore,wecanwrite

D.s/ D
U.s/
E.s/

:

We are interestedin mimicking the performanceof D.s/ in discrete-time.That is, we would like to producean
outputapproximatingu.t/ . So,rearrangetheaboveequation:

U.s/ D D.s/ E.s/:

Therearetwo waysto geta time-domainresultfrom thisequation:

1. Wecouldtake theinverse-Laplacetransform of U.s/ to �nd u.t/

u.t / D L ¡ 1 [D.s/ E.s/ ] ;

but thatwould requirea priori knowledgeof E.s/ to computeu.t/ . We do not know what E.s/ will besince
it is in�uencedby disturbanceandplantmodelingerrorswhichareunknown.

2. We couldtake theinverse-Laplacetransform of theabove equationon a term-by-termbasisto comeup with
anLCCODEfor thecontroller. This exactly reversesthestepsnormally taken to convert thedynamicsof a
plantto its transferfunction.We thenendupwith

nX

kD0

ak
dku.t/
du.t/k

D
mX

kD0

bk
dke.t/
de.t/k

:

The secondform is useful. It givesthe dynamicrelationshipbetweene.t/ andu.t/ regardlessof what the time-
historyof eachsignalmightbe.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs
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2.3.1 Approximating a derivative

A derivativeoperatormaybeapproximatedin discretetimeusingthe“backwardrectangularrule”

Px.t/
4
D lim

±t! 0

±x
±t

D lim
±t! 0

x.t/ ¡ x. t ¡ ±t/
±t

:

If thesamplingrateT of thediscrete-timesystemis small,wemayapproximate±t ¼ T

Px.kT/ ¼
x.kT/ ¡ x.. k ¡ 1/T/

T
; or Px[k] ¼

x[k] ¡ x[k ¡ 1]
T

:

Wecanperformthesameanalysisfor second-andhigher-orderderivatives.For example

Rx.t/
4
D lim

±t! 0

±Px
±t

D lim
±t! 0

Px.t/ ¡ Px.t ¡ ±t/
±t

Rx.kT/ ¼
Px.kT/ ¡ Px.. k ¡ 1/T/

T
or Rx[k] ¼

Px[k] ¡ Px[k ¡ 1]
T

:

Apply theruleonceagain to Px[k] and Px[k ¡ 1]

Rx[k] ¼
x[k]¡ x[k¡ 1]

T ¡ x[k¡ 1]¡ x[k¡ 2]
T

T

D
x[k] ¡ 2x[k ¡ 1] C x[k ¡ 2]

T2
:

2.3.2 Putting the pieces together

To seehow to usethesetwo factsto convertananalogcontrollerinto adigital controllerwewill examineaconcrete
example.Considera leador lagcontroller

D.s/ D K
s C a
s C b

:

Rearranging,andnoticingthat D.s/ D U.s/=E.s/, givesustherelationship

.s C b/U.s/ D K .s C a/ E.s/:

Convert to anLCCODEvia sU.s/ 7! Pu.t/ , U.s/ 7! u.t/ , andsoforth; wehave
Pu.t/ C bu.t/ D K Pe.t/ C Kae.t/:

Replacingu.t/ 7! u[k], Pu.t/ 7! .u[k] ¡ u[k ¡ 1]/=T andsoforth
u[k] ¡ u[k ¡ 1]

T
C bu[k] D K

e[k] ¡ e[k ¡ 1]
T

C Kae[k]

u[k] ¡ u[k ¡ 1] C bTu[k] D Ke[k] ¡ Ke[k ¡ 1] C K Tae[k]

u[k] D
u[k ¡ 1] C K ..1 C aT/e[k] ¡ e[k ¡ 1]/

1 C bT
:

Thisequationsaysthatthecontrolsignalat timeindex k maybecomputedusingthepreviouscontrolvalueu[k ¡ 1],
thecurrenterrorsignale[k] andthepreviouserrorsignale[k ¡ 1].

2.3.3 Implementing the difference equation

The above differenceequationmay be easilyimplementedin Simulink. In Fig. 2.1 on page2–3,a subsystem for
implementingthis controlleris drawn. The input port is e[k], theoutputport is u[k], andthe1=z blocksareunit-
delays.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs
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1

u[k]

z

1

z

1

1+a*T 1/(1+b*T)

K1

e[k]

u[k-1]

K*e[k-1]

Figure2.1 Simulinksubsystemfor implementinga leador lagcontroller.

2.4 PRELAB ASSIGNMENT

In this lab you will control theMagLev device,con�guredwith a singledisk (lower position).You will control the
positionof thedisk aroundanequilibriumpositionof 2:5cm. Thesteady-statedc valueto achieve theequilibrium
heightmaybecalculatedas

u1o D 100mga. y1o C b/4;

wherem D 0:12kg, g D 9:8m=sec2, a andb aretheactuatorcharacteristicsof your MagLev (consultApp. B), and
thefactorof 100is to convertm to cm sothattheunitswork outwith u1o in V.

Thelinearizedtransferfunctionof thesystemmaybefoundto be(again,consultApp. B)

G.s/ D
ku11

ms2 C m¯ s C k11
;

wherethefriction coef�cient is approximately5sec¡ 1. Theku11 andk11 coef�cients maybecalculatedfor thegiven
equilibriumheightusingtheformulaein App. B.

1. Calculatetheequilibriumdcvoltageu1o for yourMagLev.

2. Calculatethe transferfunction G.s/ for your MagLev. Normalizeyour transferfunctionso that the leading
coef�cient in thedenominatoris 1. (Thatis, computeG.s/ D .ku11=m/=.s2 C ¯ s C .k11=m// .

3. A PID controllerwhich is known to give reasonableperformanceonall four MagLevshastransferfunction1

D.s/ D 0:21C
19:95

s
C 0:04s D

0:04s2 C 0:21s C 19:95
s

:

(a) Simulatetheclosed-loopstepresponsefor your MagLev usingthegiven D.s/ (in continuous-time).If
you useSimulink, you will not be able to enter D.s/ as a transferfunction sincethe numeratorhas
higher-order power of s than the denominator—usea differentiatorblock to computethis derivative
instead,or combinetheplantdynamicsandcontrollerdynamicsinto onetransfer-functionblock.

(b) Estimate(from yoursimulation)therisetime,settlingtime,peakovershootandsteady-stateerrorfor the
analogcontrolsystem.

(c) Convert D.s/ into a discrete-timeequationthat is a functionof thesamplingperiodT. (Do not usethe
cannedformulain theECE4540coursenotes;usethemethodgivenin this labwriteup.They donotgive
thesameresults.)

(d) ConstructaSimulinksubsystemwhich implementsyourdifferenceequationof part(c).

2.5 LABORATORY EXPERIMENT

Duringthelab,youwill implementacontrolsystemusingD.s/ andacontrolsystemusingyourdifferenceequations
foundin thePrelab. In Matlab,createaSimulinkblockdiagramby �rst typing temp late

1This transferfunctionwasfoundusinganumericaloptimizationprocedureyouwill investigatein Lab8.

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs
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> > templa te

at theMatlabprompt.Thisopensupawindow with the“HW Adapter”blockanda “Scope”blockalreadyin place,
with many of theparameterssetto thecorrectvalues.

1. Constructa closed-loopcontrolsystemusingD.s/ to control theMagLev. Your Simulink diagramwill look
like theonein Fig. 2.2. You can�nd the“Fix Sensor”block for your MagLev in theutility .mdl library.
(Thatis, typeutil ity at theMatlabprompt).TheA2D andD2A blocksmaybefoundin thertlib.m dl
library. (Thatis, typertlib at theMatlabprompt).Thesteptimeshouldbeat5sec.

y1ou1o

Step Scope

HW Adapteryraw ycal

Fix Bottom
Sensor

D/A

Digital To Analog
Converter 0

num(s)

den(s)

D(s)

A/D

Analog To Digital
Converter 0

y1raw ycal

Figure 2.2 Analogclosed-loopcontrolsystemin Simulink. Notethatyou will needto �nd a differentway of implementingD.s/ sinceit
hasapurederivative in it!

2. Runthecontrolsystem,andrecordthestepresponse.Useasamplingrateof 2kHz.

3. Now, constructa discrete-timecontrol systemusingyour differenceequations.Your Simulink diagramwill
look liketheonein Fig. 2.3.Besureto leaveT asavariableparameterin yourSimulinkblockdiagramsothat
you canchangeit easilywithin theMatlabenvironment(You will have to hard-codethesamplingfrequency
1=T in the“HW Adapter”block asit doesnot work if you leave it asa variable.Don't forget to changethe
ratehereevery timeyouchangeit in yourworkspace!).

y1ou1o

Zero�Order
Hold

Step Scope

HW Adapteryraw ycal

Fix Bottom
Sensor

D/A

Digital To Analog
Converter 0

num(z)

den(z)

D(z)

A/D

Analog To Digital
Converter 0

y1raw ycal

Figure 2.3 Discrete-timeclosed-loopcontrolsystemin Simulink. Theblock denotedD.z/ shouldbereplacedby your subsystemwhich
computesyourdifferenceequation.

4. Run your emulatedcontrol systemfor different valuesof T. (Be sureto changethe samplingrate in the
HardwareAdapterblock,andSimulink's “SimulationFParameters”too!) Determinea rangeof T thatseems
to give performanceroughly equivalent to the analogcontrol design. Without destroying the equipment,
attemptto �nd a rangeof T thatgivesstableclosed-loopresponse.

5. Recordstepresponsesof your discrete-timecontrol systemfor illustrative valuesof T to include in your
report.

2.6 ASSIGNMENT

In your report, give a full derivation of the differenceequationsyou usedfor your PID controller. Include all
computedresults(suchas u1o, G.s/ and so forth). Give simulatedand measuredstepresponsesfor the analog
control system,and comparewith the measuredstepresponsesof your discrete-timecontrol systemfor various
valuesof T. Estimatethebandwidthof thecontroller D.s/ andcompareto thesamplingfrequency 1=T thatyou
think “worksbest.” Reporttherangeof T whichseemsto resultin astableclosed-loopsystem.
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Frequenc y-Domain Contr oller Emulation

3.1 INTRODUCTION

In thelastlabperiodyousimulatedananalogPID controldesignwith adiscrete-timecontroller. Youperformedthe
conversionby changingderivativesto differencesandthereforechangingLCCODEsto LCCDEs.

In this lab you will also investigate emulation. This time, you will convert a controller transferfunction D.s/
directly to a discrete-timetransferfunction D.z/ by recognizinga relationshipbetweens andz. You will alsolook
at a heuristicmethodof improving performance(improving damping)of your emulateddesignwhich triesto undo
theharmfuleffectsof thezero-order-holdcircuit.

3.2 THIS LAB IS: : :

² A secondlook atemulationusingfrequency-domainmethods.

² Experiencewith anovel way to compensatefor zero-order-holdeffects.

3.3 BACKGROUND

In Lab 2, you wereintroducedto emulationwith therealizationthattheLaplaceoperator“s” performsa derivative
operationwhichmaybeapproximatedin discrete-time.In this lab,it is morenaturalto work with the“1=s” operator
which is anintegration.Consider

Y.s/ D
1
s

X.s/ ( ) y.t / D
Z t

0
x.¿/ d¿:

If wesampley.t/ every T seconds,weget

y.kT/ D
Z kT

0
x.¿/ d¿

D y.. k ¡ 1/T/ C
Z kT

.k¡ 1/T
x.¿/ d¿:

So,y.kT/ is relatedto y.. k ¡ 1/T/ plusanintegralof theinputsignaloveronetimeperiod.

We can think of at leastthreeways to approximatea continuous-timeintegral in discrete-time(seeFig. 3.1 on
page3–2).Eachof thethreeresultingdifferenceequationsmaybez-transformedto get:

ForwardRectangularRule: Y.z/ D
·

T
z ¡ 1

¸
X.z/I

BackwardRectangularRule: Y.z/ D
·

Tz
z ¡ 1

¸
X.z/I

BilinearRule: Y.z/ D
·

T
2

z C 1
z ¡ 1

¸
X.z/:

In all cases,thetermin thesquarebrackets[¢] is anapproximationto 1=s in Y.s/ D 1
s X.s/. So,in orderto converta

continuous-timetransferfunctionD.s/ to adiscrete-timetransferfunctionD.z/, usethefollowing designprocedure:

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs



ECE4560, Frequency-Domain Controller Emulation 3–2

PSfragreplacements y.t/

y. t /

y. t /

t

t

t

kT

kT

kT

ForwardRectangularRule

Area¼ y.. k ¡ 1/T/ ¢T

BackwardRectangularRule

Area¼ y.kT/ ¢T

TrapezoidRule

(a.k.a.,TustinRuleor BilinearRule)

Area¼
y.. k ¡ 1/T/ C y.kT/

2
¢T

Figure3.1 Approximatingacontinuous-timeintegral in discrete-time.

Design Procedure

1. Startwith analogcontroldesignD.s/:

2. Replaces 7! z accordingto thefollowing tableto get D.z/.

Forward: s 7!
z ¡ 1

T
I Backward: s 7!

z ¡ 1
Tz

I Bilinear : s 7!
2
T

z ¡ 1
z C 1

:

3.3.1 Approximate compensation for ZOH

Onereasonthat design-by-emulationdoesnot work well is the effect of the zero-order-hold (ZOH) which addsa
delayof T=2 or a phaseof ¡ ! T=2 to theopen-loopsystem.This reducesthedamping/stability of theclosed-loop
system.

We might consider“reversing” or “inverting” the effect of the ZOH by addinga 2z
zC1 term to our controller. The

addedterm hasa phaseof C! T=2 which cancelsthe ZOH phase.In practiceit is betterto adda 2.z¡ " /
zC1¡ 2" term for

small" . A poleaddedat ¡ 1 ampli�es high-frequency sensornoise,andby moving thepolewe endup with a more
stablesystem.

This heuristicmethod(which canbeexaminedin furtherdetail in Reference[1]) is not guaranteedto work sincea
numberof approximationshave beenmadealongthe way whoseerror accumulates.However, it is alwaysworth
trying it out to seeif it improvesperformance.Thedesignprocedureis then:

Design Procedure

1. Startwith analogcontroldesignD.s/.

2. Replaces 7! z with theforward,backwardor bilinearrule to get D0.z/ .

3. ComputeD.z/ D 2.z¡ " /
zC1¡ 2" D0.z/ , themodi�ed controllerwhichattemptsto accountfor theZOH.
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3.3.2 Implementation in Simulink

To implementyourcontroller, youwill usethediscrete-timetransfer-functionblock from theSimulink library. This
block hasbuilt-in sampling,soyou do not needtheZOH block precedingyour controllerasyou did in Lab 2. Your
controlsystemwill look like theonein Fig. 3.2.

3.4 PRELAB ASSIGNMENT

For this lab, theMagLev will becon�guredin thesamewayasin Lab2. Youwill emulatethesamePID controller.

1. Convert D.s/ to D.z/ usingthethreemethods(but without theZOH compensation)describedin the“Back-
ground”section.

2. Which of thethreeresultingcontrollersarecausal?(If theorderof z in thenumeratoris strictly greaterthan
theorderin thedenominator, thetransferfunctionis not causal).

Leaveall resultsin termsof variableT sinceyouwill needto changeT whenyou implementthelab.

3.5 LABORATORY EXPERIMENT

During thelab, you will implementa controlsystemwhich emulatesD.s/ using(1) thebackward-rectangularrule
and (2) the backward-rectangularrule with ZOH compensation.In Matlab, createa Simulink block diagramto
implementbothmethods.

1. Constructa discrete-timecontrol systemusing D.z/ calculatedwith thebackward-rectangularrule (without
the ZOH compensation).Your Simulink diagramwill look like the onein Fig. 3.2. Be sureto leave T asa
variableparameterin yourSimulinkblockdiagramsothatyoucanchangeit easilywithin theMatlabenviron-
ment(Youwill haveto hard-codethesamplingfrequency 1=T in the“HW Adapter”blockasit doesnotwork
if you leave it asavariable.Don't forgetto changetheratehereevery timeyouchangeit in yourworkspace!).
Thesteptimeshouldbeat5sec.

Step Scope

HW Adapter

yraw ycal

Fix Bottom 
Sensor

num(z)

den(z)

Discrete
Transfer Fcn

D/A

D2A Channel 0

u1o y1o

A/D

A2D Channel 0

e(t)

Figure3.2 Discrete-timeclosed-loopcontrolsystemin Simulink.

2. Run your emulatedcontrol systemfor different valuesof T. (Be sureto changethe samplingrate in the
HardwareAdapterblock,andSimulink's “SimulationFParameters”too!) Determinea rangeof T thatseems
to give performanceroughly equivalent to the analogcontrol design. Without destroying the equipment,
attemptto �nd a rangeof T thatgivesstableclosed-loopresponse.

3. Recordstepresponsesof your discrete-timecontrol systemfor illustrative valuesof T to include in your
report.
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4. Repeatsteps1–3usingthecontrollerD.z/ foundusingthebackward-rectangularrulewith theZOH compen-
sation.A " of about0:1 seemsto work well.

5. Optionally, repeatstep1 usingthecontrollerD.z/ foundusingthebilinearrule. Your D.z/ will haveapoleat
¡ 1 whichampli�es high-frequency sensornoise,andwill notwork (atall) well. Move thispoleslightly (e.g.,
to ¡ 0:9).

3.6 ASSIGNMENT

In your report,give a full derivationof thethreecontrollersfoundwith thethreemethods(withoutZOH compensa-
tion). Which arecausal?Show that thecontrollertransferfunctionobtainedwith thebackward-rectangularrule is
thesameastheonefoundusingdifferenceequationsin Lab2.

Comparewith the measuredstepresponsesof your discrete-timecontrol systemfor variousvaluesof T. For the
two methodsinvestigatedin this lab, report the rangeof T which seemsto result in a stableclosed-loopsystem,
andtherangeof T which seemsto give goodperformance.Comparewith theresultsyou foundin Lab 2. Doesthe
ZOH-compensationcircuit help?

This is theendof Unit 1. You have thenext lab periodoff to give you time to write your lab report. Your formal
laboratoryreportcoveringbothlabsin thisunit is dueat thebeginningof thesubsequentlabperiod.

References

[1] D. Raviv andE. Djaja, “Techniquesfor EnhancingthePerformanceof DiscretizedControllers,” IEEE Control
SystemsMagazine,Vol. 19,No. 3, June1999,pp.52–57.
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Unit 2

Digital Effects

Thisunit of labsfocusesonartifactsof thedigital systemnotpresentin ananalogcontrolsystem.In:

² Lab4 youwill investigatesampling,aliasing,anti-aliasing�ltering andthezero-order-holdoperation;in

² Lab 5 you will make a discrete-timemodel of the plant and verify it by comparingit to the true system
response;in

² Lab 6 you will use�x ed-pointarithmeticto implement�lter coef�cients and investigate problemsdue to
round-off.
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Sampling, Aliasing, Zero-Order-Hold

4.1 INTRODUCTION

In classwe have talked aboutan artifact of digital systemsnot presentin analogsystems. When samplinga
continuous-timesignal, a phenomenoncalled aliasing may occur. High-frequency signalsmay appearas low-
frequency sampledsignals.In this lab,you will experiencealiasing,andwill experimentwith ananti-aliasing�lter
to eliminateit.

4.2 THIS LAB IS: : :

² A demonstrationof aliasing,

² A meansof eliminatingaliasingvia ananti-aliasing�lter .

4.3 BACKGROUND

Digital control systemsmustsamplethe input signale.t/ in order to generatea compensationsignalu.t/ . This
samplingis usuallydoneonaregular(periodic)basis,sowereferto asamplingfrequency asbeing1=T whereT is
theperiodbetweensamples.Theinput to thedigital controlleris thene.kT/ or moresimplye[k].

Figure4.1 Time-domainexampleof aliasing.

If samplingis not done“quickly enough”a phenomenoncalledaliasingoccurs. This is demonstratedin the time
domainin Fig. 4.1. Thesolid (blue) line indicatesa cosineof frequency 5Hz. If this signalis sampledat 14Hz the
pointsindicatedby (blue) squaresarethe samples.The signalmay be well reconstructedfrom thesesamples.If,
however, thesignalis sampledat 7Hz, thepointsindicatedby (green)circlesarethesamples.This signalcannot
thenbedistinguishedfrom the2Hz sinusoidshown asthe(green)dashedline. Therefore,if we sampletoo slowly
(7Hz), our5Hzsignalmasqueradesor aliasesasadifferent2Hzsignal.

If weconsiderwhatis happeningin thefrequency domain,we�nd thatthespectrumof thesampledsignalis periodic
in fs. The5Hz cosine,which hasfrequency contentat § 5Hz, repeatsevery 14Hz whensampledat 14Hz andso
hasfrequency contentat § 5Hz, § 9Hz, § 19Hz andso forth. Sincewe only considerfrequencieswithin theband
§ fs=2, thenweareleft with asampled-signalspectrumof § 5Hz, which is whatwewould like.
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On theotherhand,if we samplethesignalat 7Hz, thenthesampledsignalhasfrequency contentat § 2Hz, § 5Hz,
§ 9Hz andsoforth. Sincewe only considerfrequencieswithin theband§ fs=2 thenwe areleft with thesampled-
signalspectrumof § 2Hz, which is notwhatweexpect.

Shannon/Nyquistshowedthat in orderto avoid aliasing,thesamplingfrequency mustbeat leasttwice thehighest
frequency presentin theinputsignal.For thecosineexample,above,wemustsampleatarateof at least10Hz. This
explainswhy the14Hzsamplingrate“worked” andthe7Hz ratedid not. A practicaldif�culty in applyingthis rule
is thatrealsignalsarenot strictly band-limited.Therefore,we mustmake engineeringapproximationsandtolerate
somealiasing,or placean analoganti-aliasinglow-pass�lter placedbeforethe samplerwill alsohelp eliminate
effectsdueto aliasing.(A digital �lter placedafterthesamplerwill notwork—why?)

4.4 PRELAB ASSIGNMENT

During thelab,youwill samplethreetypesof signals:sinusoidal,triangle-waveandsquare-wave.

1. Determinethecomplex-exponentialFourierseriesof:

(a) A sinusoidalsignaly1. t / D cos.2¼f t/ .
(b) A trianglewave y2. t / D ¡ 4 f jt j C 1 for jt j · 1

2 f andperiodicthereafter.
(c) A squarewave y3. t / D sgn. y1. t // .

Youmaylook up theseriesin a table—youdonotneedto derive themif youcan�nd areferencesomewhere.

2. In thelab,youwill usesignalfrequenciesf D 25Hzfor mostexperiments.Plot theline spectrafor theabove
threesignalswith this f .

3. If yousampleata rateof fs D 100Hz, draw thealiasedline spectrafor theabove threesignals.

4. Youwill useananti-aliasinglow-pass�lter with transferfunction

H.s/ D
25000

s2 C 200s C 25000

after thesignalsourceandbefore thesampler. Plot theline spectrafor thethreesignalsafter�ltering (Magni-
tudeonly). Shouldthis helpeliminatealiasingwhenthesignalsaresampled?How do you expecttheshape
of thethreesignalsto bechangedby theanti-aliasing�lter?

4.5 LABORATORY EXPERIMENT

For the �rst experiment,hookup theapparatusasshown in Fig. B.10 on pageB–11. Constructa Simulink block
diagramasshown in Fig. 4.3. Thefrequency generatorsuppliesthesourcesignal,which is displayedon thescope
andinput to thecomputervia theA2D andA2D/ portsof thebreakoutbox. Thecomputerpassesthesignalstraight
through(samplingit). ConnectthecomputeroutputD2A andD2A/ backto anotherchannelof thescope.

In thefollowing “oscilloscope”refersto thehardwareboxdedicatedto this task,and“scope”refersto theSimulink
blockwhich recordsdata.

1. Set the frequency generatorto generatesinusoidalsignalsof amplitude5V and no dc-offset. (Check the
amplitudeon theoscilloscopebeforeconnectingto thecomputersothat youdonot damagethecomputer!)

2. ConstructtheSimulinkblockdiagramof Fig. 4.3.Setthesamplingrateto 100Hz.

3. Generatefrequenciesbetween0Hzand50Hzandrun themthroughthecomputer. Do thesignalsrecordedby
Simulink's “scope”block look correct?How doesthecomputeroutputsignalon theoscilloscopecorrespond
to thesignalfrom thesignalgenerator?Recorda few representative resultsfrom Simulink's “scope”block.
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Figure4.2 Setupfor aliasingexperiment.

ScopeHW Adapter
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Digital To Analog
Converter 0

A/D

Analog To Digital
Converter 0

Figure4.3 Simulinkdiagramto sampleandpass-throughsamples.

4. Generatefrequenciesbetween50Hz and200Hz andrun themthroughthecomputer. Do thesignalsrecorded
by Simulink's “scope”block look correct?How doesthecomputeroutputsignalon theoscilloscopecorre-
spondto thesignalfrom thesignalgenerator?Recorda few representative resultsfrom Simulink's “scope”
block. Sketchoutputfrom theoscilloscopeto show aliasingoccurring.

An anti-aliasing�lter hasbeenconstructedfor youandimplementedonaGP-6analogcomputer(seeFig. 4.4
on page4–4). It hasnominaltransferfunction H.s/ asmentionedin theprelab. The input leadsandoutput
leadsfrom theGP-6�lter arelabeled.

5. Hook up theanti-aliasing�lter betweenthefrequency generatorandtheoscilloscope.That is, run theoutput
of thesignalgeneratorto theinput of theGP-6�lter; run theoutputof theGP-6�lter to theoscilloscopeand
into thecomputer. View theoscilloscopeandvisually comparetheoutputof thefrequency generatorandthe
outputof theanti-aliasing�lter asyouvary thefrequency from 0Hzupto 200Hz. Repeatsteps3–4.Youmay
needto setthefrequency-generatoroutputto about3V to avoid over�ow on theGP-6computer.

6. Setthe frequency generatorto generate25Hz triangle-wave signalsof amplitude3V andno dc-offset. Run
the frequency-generatoroutputthroughthecomputer. Do thesignalsrecordedby Simulink's “scope”block
look correct?How doesthecomputeroutputsignalontheoscilloscopecorrespondto the(�ltered) signalfrom
thesignalgenerator?Recorda few representative resultsfrom Simulink's “scope”block. Do this stepboth
with andwithout theanti-aliasing �lter .

7. Setthefrequency generatorto generate25Hzsquare-wavesignalsof amplitude3V andnodc-offset.Runthe
frequency-generatoroutputthroughthecomputer. Do thesignalsrecordedby Simulink's “scope”block look
correct?How doesthecomputeroutputsignalon theoscilloscopecorrespondto the(�ltered) signalfrom the
signalgenerator?Recorda few representative resultsfrom Simulink's “scope”block. Do this stepboth with
andwithout theanti-aliasing �lter .
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Figure4.4 Setupfor aliasingexperiment,with anti-aliasing�lter .

4.6 ASSIGNMENT

In this lab,youwill collecta lot of data.OrganizeyourPrelabandExperimentresultsandindicatecorrespondences
with theory, andany unusualor unexplainedresults.
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Discre te-Time Plant Modeling

5.1 INTRODUCTION

Fromnow on,all of ourcontrol-systemanalysisanddesignwill bedoneusingz-transformsandw-transforms. Both
of theserequirethatadiscrete-timeplantmodelbemade.
A discrete-timeplantmodelcombinestheLTI dynamicsof thezero-order-holdandtheanalogplant,andrelatesthe
plantoutputat thesampleinstantswith thedigital controlleroutputat thesampleinstants.Theplantmodelmaybe
representedasa transferfunctionG.z/ or—usingthebilineartransformation—asa transferfunctionG.w /.
In this lab, you will creatediscrete-timeplant modelsG.z/ andG.w / of the MagLev device which arefunctions
of thesampleperiodT. You will testthesemodelsat differentsamplingfrequenciesto verify that they reasonably
predicttheMagLev'sbehavior.

5.2 THIS LAB IS: : :

² A demonstrationof discrete-timetransferfunctions,

² Experiencein boththez- andw-domains.

² More fun with theMagLev!

5.3 BACKGROUND

5.3.1 Hybrid systems analyzed at sampling instants

Digital controlsystemsareneithercompletelydigital norcompletelyanalog.They arehybridsystemswhichcontain
bothdigital andanalogelements.(Anothernamewhichis usedto describehybrid systemslikethis is “sampled-data
systems.”) The compensatorD.z/ is a digital system,andthe plant G p.s/ is an analogsystem.The samplerand
zero-order-holddevicesareabit of each.

PSfragreplacements

R.s/

E.s/
E¤.s/

Y.s/
T

HOLD Gp.s/

H.s/

D.z/

G.s/
z }| {

Figure5.1 Closed-loophybrid controlsystem.

We have seenthat in orderto analyzehybrid systemsin continuoustime, thestarredLaplacetransform needsto be
used;e.g., X¤.s/ . If weonly needto evaluatesystemresponseat thesamplinginstants,thez-transform maybeused.
This is generallymuchsimpler. Furthermore,thebilinear transformrelatesthe z-domainto thew-domain,which
allows frequency-responsemethodsof Laplaceanalysisanddesignto beusedondigital/hybrid systems.
Figure 5.1 shows the generalcon�guration usedfor digital control. We have seenin classthat the closed-loop
transferfunctionfor this systemis
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T.z/ D
D.z/G.z/

1 C D.z/GH.z/
;

where

G.z/ D
z ¡ 1

z
Z

½
Gp.s/

s

¾
and GH.z/ D

z ¡ 1
z

Z
½

Gp.s/ H.s/
s

¾
:

Therefore,we cananalyzethesystemif we know G.z/ andGH.z/. Furthermore,we will �nd thatwe cananalyze
anddesigncontrolsystemsin thew-domainby usingthebilineartransform

T.w / D T.z/ jzD 1C.T=2/w
1¡ .T=2/w :

We canalso�nd T.w / by individually converting D.z/ 7! D.w /, G.z/ 7! G.w / andGH.z/ 7! GH.w / and
computing

T.w / D
D.w /G.w /

1 C D.w /GH.w /
:

In this lab,youwill computeG.z/ andG.w / for futurereference.

5.3.2 Computing G.z/ and G.w /

Recallthattheanalogtransferfunctionof theMagLev, operatingwith asingledisk (lowerposition)is

Gp.s/ D
ku11

ms2 C m¯ s C k11
:

We couldusetheMatlabc2d commandto �nd thetransferfunctionG.z/ for a speci�c valueof T. Alternately, we
couldconvert theplantdynamicsto thez-domainfor symbolicT. To seehow to do this,weneedto “complete-the-
square”in theplant's transferfunctiondenominator, andwrite theresultas

G.z/ D
z ¡ 1

z
Z

½
Gp.s/

s

¾
D

z ¡ 1
z

Z
½

g
a2 C b2

s.. s C a/2 C b2/

¾
;

whereg is thedc-gainof theanalogplant.Thez-transform of this resultmaybefoundusingthetable(entry22)on
theFPW front �yleaf:

G.z/ D g
Az C B

z2 ¡ 2e¡ aT .cosbT/z C e¡ 2aT
;

where

A D 1 ¡ e¡ aT cosbT ¡
a
b

e¡ aT sinbTI

B D e¡ 2aT C
a
b

e¡ aT sinbT ¡ e¡ aT cosbT:

Wecanthen�nd
G.w / D G.z/ jzD 1C.T=2/w

1¡ .T=2/w

D g
A1C.T=2/w

1¡ .T=2/w C B
³

1C.T=2/w
1¡ .T=2/w

´ 2
¡ 2e¡ aT .cosbT/

³
1C.T=2/w
1¡ .T=2/w

´
C e¡ 2aT

:
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5.3.3 In Matlab?

In Matlab,youcanconvertacontinuous-timetransferfunctionto adiscrete-timetransferfunctionin z via

sysc= tf(num, den); % Continu ous-tim e transf er function .

sysd= c2d(sys c,Ts,'z oh'); % Ts=sampling period .

Convertingfrom atransfer-functionin z to atransferfunctionin w is notquitesosmoothasMatlabdoesnotdirectly
understandthew-domain.Thefollowing command

sysw= d2c(sys d,'tust in'); % Be careful to understa nd!

convertsfrom thez-domainbackto a transferfunctionwritten in s, but thenumbersarethesameasif youhaddone
thebilineartransformto thew-domain.That is, thesysw transferfunctionis written asa functionof s in Matlab,
but if you replaces with w youhavedonethew-transform.

5.4 PRELAB ASSIGNMENT

1. For your MagLev, andfor samplingratesof 100Hz, 150Hz and200Hz �nd G.z/ andG.w /. Do by handfor
onesamplingrate,andverify with Matlab. YoumayuseMatlabto automaticallydo theothertwo.

2. Plot theBode-magnitudeplot for Gp.s/ .

3. Plot theBode-magnitudeplot for G.w / for all threesamplingrates.

5.5 LABORATORY EXPERIMENT

GenerateaSimulinkmodelasshown in Fig. 5.2.Levitatethemagnetaroundanequilibriumheightof 2:5cm.

Sine Wave
Scope

HW Adapter

num(z)

den(z)

G(z)

yin yout

Fix Bottom
Sensor

D/A

Digital To Analog
Converter

y1ou1o

A/D

Analog To Digital
Converter0

y1raw y1calu1* y1*calu1

Figure5.2 Setupfor testingG.z/.

1. Useasamplingfrequency of 100Hz.

2. Forsinusoidalfrequenciesbetween0rads=secand40rads=secandappropriatemagnitudes(sothatthemagnet
moves,but doesnotslamagainstthelowerstop)recordsystemoutputandmodeloutput.

3. Optional:Experimentwith a randomsignalsource(replacethesine-wave generator).Comparemodeloutput
with systemoutputat thesamplingpoints.

4. Repeatstep2 for samplingfrequencies150Hzand200Hz.
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5.6 ASSIGNMENT

Commenton how well your discrete-timemodelG.z/ agreeswith thesinusoidalresponsesyou measured,for the
threedifferentsamplingfrequenciesandatdifferenttestfrequencies.Makea roughBode-magnitudeplot of system
responsefrom your results, andcomparewith theBode-magnitudeplot of G.w /. Note that G.w / hasa “warped”
frequency axis.Commentonsimilaritiesanddifferences.Try to explainany differences.
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Filter Structure and
Fini te-Prec ision Effects

6.1 INTRODUCTION

Digital computersare�nite-precisionmachines.A signalvaluecanonly takeononeof a�nite setof possiblevalues;
a transfer-functioncoef�cient canalsoonly take on oneof a �nite setof possiblevalues.In thelab sofar, we have
used�oating-point numbersassignalvaluesandascoef�cient valuesandthis haslargely mitigated�nite-precision
effects.However, �oating point processors arerelatively expensive,soit is importantto understand�nite-precision
effectsandhow to designfor �nite-precision�x ed-pointmachines.

6.2 THIS LAB IS: : :

² An introductionto �nite-precisioneffects,

² Onemethodto implementcontrollerstructureswhichhelpreducesensitivity to �nite-precisioneffects.

6.3 BACKGROUND

Inexpensivemicro-controllers, whichareoftenusedto implementdigital controlsystems,are�xed-point processors.
A certainnumberof binarydigits areusedto representeachnumber;someof thesedigits areassumedto beto the
left of thebinarypoint andsomeareassumedto beto theright of thebinarypoint. An examplefour-bit numberis
then

b0 b1 . b2 b3

which is representedin decimalasb0 £ 21 C b1 £ 20 C b2 £ 2¡ 1 C b3 £ 2¡ 2. Sixteenpossiblevaluesmay be
represented:0, 0:25, 0:5, 0:75, 1, 1:25, 1:5, 1:75, 2, 2:25, 2:5, 2:75, 3, 3:25, 3:5 and3:75. If signednumbersare
desired,thenonebit is usedasthesignvalue. Thesixteenpossiblevaluesarethen: ¡ 2, ¡ 1:75, ¡ 1:5, ¡ 1:25, ¡ 1,
¡ 0:75,¡ 0:5, ¡ 0:25,0, 0:25,0:5, 0:75,1, 1:25,1:5 and1:75. With a four-bit numberwecouldalsoassumethatthe
�x edpointwasin thefollowing con�gurations

b0 . b1 b2 b3 b0 b1 b2 . b3 or b0 b1 b2 b3 . .

A leading�x edpointdoesnotmakesenseastheb0 bit is generallythesignbit.

Sinceonly a �nite setof numbersmayberepresentedwith a �x ed-pointvalue,thefollowing effectsoccur:

1. Quantizationnoiseat A2D: Whenreal-world signalsenterthe computerat the A2D, the real-valuedsignal
musttake on oneof a �nite setof values.Theanalogvalueis generallyroundedto thenearestdigital value.
The differencebetweenthe true analogvalueandthe digital valueis quantizationerror. This quantization
errormaybemodeledasanoisesource.
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2. Quantizationnoiseat D2A: Theinternalrepresentationof signalsoftenhasa greaternumberof bits thanthe
D2A is ableto handle.For example,internalcomputationsmaybeperformedwith 32-bit numbers,but the
D2A is only able to handle16-bit numbers. Converting the 32-bit numbersto 16-bit numbersintroduces
anothersourceof quantizationerror.

3. Internalover�ow: Whenperformingcomputationswith �x ed-pointnumbers,it is possibleto obtaina result
whichcannotbecorrectlyrepresented.For example,whenusingthe�rst four-bit schemeabove,wecouldadd
3 plus3, but not get thevalue6 sincewe canonly representnumbersup to a maximumof 3:75. Dueto the
vagariesof twos-complementarithmetic,wewouldgetthevalue2, whichmakeslittle sense.

4. Limit cycles: A strangething indeed! A perfectlystablesystemwith zeroinput canhave oscillatingoutput
whichdoesnotdecreasein amplitude.

5. Coef�cient quantizationchanges�lter transferfunction: We know thattransferfunctionsmayberepresented
asrationalpolynomialsin z, andthecoef�cients of thepolynomialsarealsothecoef�cients of thedifference
equationsusedto implementthecontroller. Thesecoef�cients mustberepresentedin our �x ed-pointnumber
scheme,soround-off occurswhenimplementingthecoef�cients of thedifferenceequation.Thisin turnmoves
thepolesandzerosof our compensator, so thatwe implementa transferfunctionthat is different from what
we intendedto implement.

During this lab,youwill investigatethis �nal effect.

6.3.1 Two Filter Structures

Transfer function
 

                  z^2 + b1 z + b2      
   H(z) = g �������������      
                  z^2 + a1 z + a2      

1

uk

z

1

z

1

�a1

�a2

g

b2

b1

1

ek

Figure6.1 DirectForm II second-ordersection.

For any givencontrollertransferfunction D.z/ therearea wide varietyof waysto implementit usingunit delays,
multipliers andsummationunits. Often, D.z/ is broken down into a cascadeof “second-ordersections”D.z/ D
D1.z/ D2.z/ ¢¢¢Dn.z/ whereeachsecond-ordersectionhastwo zerosand two poles. One way to implementa
second-ordersection(called“Direct FormII”) is shown in Fig. 6.1.

Thecoef�cients of themultipliers in this form areg, b1, b2, a1 anda2. If thecoef�cients of the�lter canonly take
on a �nite setof possiblevaluesdueto quantization,this will affect thepolesandzerosimplementedby the �lter .
That is, thepolesandzerosimplementedwill bedifferentfrom thosedesigned.To seewhathappens,considerone
section

D1.z/ D
z2 ¡ 2r1 cosµ1z C r 2

1

z2 ¡ 2r2 cosµ2z C r 2
2

wherer1 is the radiusto thezeros,§ µ1 is theangleto thezeros,r2 is the radiusto thepolesand§ µ2 is theangle
to thepoles.In a Direct-Form-II section,b1 D ¡ 2r1 cosµ1, b2 D r 2

1 andsoforth. Therefore,if we quantizeb1 and
b2 uniformly, we areactuallyquantizingthe radiusandanglesnon-uniformly. A samplegrid showing quantized
radii andr1 cosµ1 (real part of pole location) is shown in Fig. 6.2 on page6–3(a). Polesandzerosmay only be
implementedat theintersectionof theverticalgrid linesandradialgrid lines.

Someobservationsmaybemade:
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(a)Direct-Form II
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(b) 1X-form

Figure6.2 Quantizedpolelocationsfor Direct-Form II and1X-Form.

² Narrow-bandlowpassandnarrow-bandhighpass�lters aremostsensitive(sincethey clusterpolesaround§ 1)
andhencerequiremorebits to implement.

² Samplingat toohigha rateis bad,sinceit pushespolescloserto C1 (wherepoledensityis smallest.)

Becauseof theseundesirablefeatures,wecanuseanalternative�lter implementation,calledthe1X-form.Thisform
is illustratedin Fig. 6.3 on page6–4. The�lter parametersarecalculatedby converting D1.z/ to a partial-fraction
expansion:

D1.z/ D a0 C
A

s ¡ p
C

A¤

s ¡ p¤
;

where
g1 D R. p/I g2 D I. p/I
g3 D 2I. A/I g4 D 2R. A/;

in thediagram.A Matlabcodesegmentto �nd a0, g1, g2, g3 andg4 from agivensecond-orderD.z/ is:

[num,de n]=tfdata(d ); num=num{: }; den=den{ :};

[r,p,a0 ]=residue(n um,den);

g1=real (p(1)); g2=imag(p (1)); g3=2*imag(r (1)); g4=2*real(r (1));

All �lter coef�cients in the1X-form second-ordersectionthatarerelatedto thepolelocationsareof theform R. p/
or I . p/. Therefore,quantizingg1 andg2 uniformly leadsto uniform pole densityin the real and imaginary-axis
directions.A samplegrid showing quantizedlocationsis shown in Fig. 6.2(b). Polesmayonly be implementedat
theintersectionof theverticalgrid linesandhorizontalgrid lines.

This form often leadsto morepreciseimplementationwith fewer bits precision. The price we pay for improved
�delity is theincreasedcomplexity of thesecond-ordersection.

6.4 PRELAB ASSIGNMENT

Verify thetransferfunctionsof theDirect-Form II sectionin Fig. 6.1on page6–2andthe1X-sectionin Fig. 6.3on
page6–4.
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Transfer function

                    A           A*
H(z) = a0 + ���� + ����
                    z�p       z�p*

where: g1=Re[p], g2=Im[p]; 
                           g3=2Im[A]; g4=2Re[A];             

1

uk

z

1

z

1

g4

g3

g1

g2

�g2

g1

a0

1

ek

Figure6.3 1X Formsecond-ordersection.

6.5 LABORATORY EXPERIMENT

1

intout

z

1

1

intin

Figure6.4 Integratorform withoutcoef�cient quantization.

For this experiment,youwill usea samplingrateof 50Hz. A controllerwhichprovidesacceptableperformancefor
all four MagLevs is

D.z/ D 2:7896
z2 ¡ 1:6923z C 0:8918
z2 C 0:2114z C 0:5108

z
z ¡ 1

:

Theintegratorterm,z=.z ¡ 1/, maybeimplementedasshown in Fig. 6.4,withoutworry of coef�cient quantization.
The constantgain 2:7896 may be implementedas a multiply by four (shift left two bits, without quantization)
followedby amultiply by 0:6974.In practice,theconstant0:6974will needto bequantizedto �t thenumberof bits
available.Finally, thesecond-ordersectionmayberealizedin eitherDirect-Form-II or in 1X-Form. All coef�cients
mustbequantizedto thenumberof bits available. Coef�cients greaterthanonemaybe implementedin a similar
way to theconstantgainof 2:7896,above.

1. Implementthe controller D.z/ usingthe Simulink discrete-timetransfer-functionblock (without coef�cient
quntization—thisis the baselinetest). Usean equilibrium heightof 2:5cm. Plot the stepresponseof the
system(with thestepstartingat5sec.

2. Implementthe controller D.z/ usingDirect Form II, andquantizedcoef�cients. Recordstepresponsesfor
decreasingprecisionuntil performanceis badlydegraded.

3. Repeatstep2 using1X-Form.

Note,in orderto quantizeanumberin Matlab,

quant val = quant ( preci seval, 2^-(nobi ts-1) );
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where:preci seval is theprecisevalueto bequantized,quantval is theoutputquantizedvalueandnobi ts
is thenumberof bitsavailableto storethenumber. Theterm(nob its-1) re�ects thefactthatoneof theavailable
bits is usedassigninformation.

6.6 ASSIGNMENT

Discussall results.Particularly, do you noticeany bene�t using1X-Form versusDirect Form II? How many bits
precisiondid you needwhen implementingcoef�cients? Is �oating point “overkill” from the point of view of
this controldesign(Note thatMatlab's double-precisionvaluesrequire64 bits to store)?Plot thedesignpole-zero
mappingandtheimplementedpole-zeromappingfor eachresolutionattempted.

This is theendof Unit 2. You have thenext lab periodoff to give you time to write your lab report. Your formal
laboratoryreportcoveringall threelabsin thisunit is dueat thebeginningof thesubsequentlabperiod.
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Unit 3

Transfer Function Controller Design

Thisunit of labsfocusesondigital controlsystemdesignusingtransfer-functiondesignmethods.TheMagLev will
becon�guredin a two-disksingle-inputmulti-output(SIMO) con�guration. In:

² Lab7 youwill usestandardfrequency-responsedesignmethods;in

² Lab8 youwill designacontrollerusingnumericoptimizationmethods;in

² Lab9 youwill useRagazzini' sdirectmethodto designacontroller.

Rememberthat if a control-systemdesignis properlydone,testingis very fast. Themajority of your time will be
spenton thePrelabassignment,designingthecontrollerin the�rst place.
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Frequenc y-Response Contr oller Design

7.1 INTRODUCTION

In this unit of labs you will considerthe MagLev con�gured with two magnetsstacked on the glassrod. Both
magnetsarefree to move but you will only be interestedin controlling thepositionof the lower magnet,andwill
usethelowersensorasthefeedbackinformation.

In mechanicalsystemswhentheprimaryfeedbacksensoris rigidly coupledto theactuator, thesystemis referredto
asbeingcollocated.Whensome�e xible structuralmemberexistsbetweentheactuatorandthesensor,1 thesystem
is referredto asbeingnoncollocated.Systemswith �e xibly coupledinertiaoccurcommonlyin industry. Examples
include�e xible drive shafts,conveyor belts,andothermechanicallinkages. An exampleof collocatedcontrol in
suchcasesis whenthefeedbacksensoris integral with thedrive motoreventhoughtheremaybe�e xible elements
thataredrivenby themotor. An exampleof noncollocatedcontrol is whena �e xible conveyor belt positionis fed
backfor closedloopcontrol.Thecon�gurationyouwill beinvestigatingis collocatedcontrol.

7.2 THIS LAB IS. . .

² Controlof ahigher-ordersystem,usingfrequency-responsemethods,

² An exampleof single-inputmulti-output(SIMO) control.

7.3 BACKGROUND

7.3.1 Model of the two-disk system

In previous labs,you controlledtheMagLev with a singledisk on theglassrod. In this andfuture labs,two disks
will beplacedon theglassrod. We mustmodify theplantmodelto considerthe full dynamicinteractionbetween
them.Thelinearizedequationsfrom App. B giveusasystemmodel:

mRy¤
1 C m¯ Py¤

1 C .k11 ¡ k21 C km12/ y¤
1 ¡ km12y¤

2 D ku11u¤
1 C ku12u¤

2

mRy¤
2 C m¯ Py¤

2 C .k22 ¡ k12 C km12/ y¤
2 ¡ km12y¤

1 D ku22u¤
2 C ku21u¤

1:

Let u¤
2 D 0 sinceweareonly usingthelowercoil asinput. An additionaleffectof u¤

2 D 0 is thatk21 D k22 D 0.

TakeLaplacetransforms:

ms2Y1.s/ C m¯ sY1.s/ C .k11 C km12/Y1.s/ ¡ km12Y2.s/ D ku11U1.s/
ms2Y2.s/ C m¯ sY2.s/ C .km12 ¡ k12/Y2.s/ ¡ km12Y1.s/ D ku21U1.s/

Y2.s/ D
ku21U1.s/ C km12Y1.s/

ms2 C m¯ s C km12 ¡ k12
:

Substitutinginto the�rst equation,

1Theremaybemultiple sensorsusedincludingonesthatarebothcollocatedandnoncollocatedrelative to theactuator. If thelocationof
thecontrolobjective is not collocated with theactuator, thentheplantis typically referredto asbeingnoncollocated.
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µ

ms2 C m¯ s C k11 C km12 ¡
.km12/2

ms2 C m¯ s C km12 ¡ k12

¶
Y1.s/ D

µ
ku1 C

km12ku21

ms2 C m¯ s C km12 ¡ k12

¶
U1.s/:

Thisgivesusthetransferfunction

Y1.s/
U1.s/

D
ku11ms2 C ku11m¯ s C ku11km12 ¡ ku11k12 C km12ku21

m2s4 C 2m2¯ s3 C m.m¯ 2Ck11C2km12¡ k12/s2 C m¯ .k11C2km12¡ k12/s C k11km12¡ k11k12¡ km12k12
:

Theopen-loopsystemis analogousto thatof Fig. 7.1. Theeffective “spring” km12 is the linearizedtermresulting
from theforcesof gravity andmagneticrepulsionactingon thesecondmagnet.Recallhowever that this termis in
factquitenonlinear. Theadditionof thespringandsecondinertiato therigid bodycasestudiedabove increasesthe
plantorderby two andaddsanoscillatorymodeto theplantdynamics.

PSfragreplacements

k11
km12

k0
2

m1 D m m2 D m

F1 D ku11u¤
1 F2 D ku21u¤

1

y¤
1 y¤

2

m¯
m¯

Figure7.1 Analogoussystemto idealizedSIMO plant.

7.4 PRELAB ASSIGNMENT

In this lab, theMagLev will beoperatedaroundtheequilibriumpoint y1o D 1cm. The inter-magnetseparationis
nominally y12o D 8cm. y2o D y1o C y12o ¡ 13.

1. Computeu1o suchthaty1o D 1cm. It is very important in this con�guration to keepy1o small. Theweightof
both magnetsplus the control actuationforceis suppliedby the lower coil. The requiredcurrent increases
dramaticallywith heightof the lower magnet.Excessiveamplitudefor sustainedduration will overheatthe
coil and damagethe apparatus.Note: from theequilibriumconditionin App. B, andmultiplying by 100to
getthecorrectunits,weknow that

u1o D a. y1o C b/4
µ

100mg C
c

. y12o C d/4

¶
:

2. Determinethe transferfunction G.s/ of the two-disksystem;that is, �ll in thenumbersandbecarefulwith
units. Normallizethetransferfunction(divide numeratoranddenominatorby m2) sothat the leadingcoef�-
cientof thedenominatoris one.

In thefollowing parts,automateyourdesignusingMatlabm-�le(s) sothatyoucaneasilyredesignfor different
samplingrates,etc.

3. Determinethe transferfunction G.z/ of the two-disk system(You do not have to do this by hand). Usea
samplingrateof 50Hz.

4. Your z-planecontrollerwill have theform

D.z/ D Kd
z ¡ z0

z ¡ zp

Tz
z ¡ 1

;

which is a leadcontrollercascadedwith anintegrator. Theintegratoreliminatessteady-stateerrorandthelead
controllerchangesthedynamics.For thepurposeof designingtheleadcontroller, the�x edTz=.z ¡ 1/ term
is addedto the“plant” dynamics.Statethenew G0.z/ (with theintegratoradded),andconvertG0.z/ to G0.w /.
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5. You will usefrequency-responsedesignmethodsto designD0.w / to control G0.w /. Your compensatorwill
have theform

D0.w / D a0

·
1 C w=! w0

1 C w=! wp

¸
:

Usea0 D 10. Designfor aphasemargin of at least60±. HaveMatlabproduceBodeplotsof yourcompensated
systemto verify thatyou have achievedthedesiredphasemargin. Also plot thestep-responseof theclosed-
loopsystem.

6. Convert D0.w / to D0.z/ andthenstateD.z/.

7.5 LABORATORY EXPERIMENT

1. Implementyour feedbackcontrol systemin Simulink. The controller itself shouldbe implementedastwo
blocksin cascade.The leadcontrollershouldoperatedirectly on the error signal,andthe integratorshould
operateon theoutputof theleadcontroller. SeeFig. 7.2. (Youwill needto double-clickon theintegratorand
changetheintegrationmethodto getTz=.z ¡ 1/ insteadof thedefault T=.z ¡ 1/.

Step
Scope1

Pulse
GeneratorHW Adapter

yrawycal

Fix Top
Sensor

yrawycal

Fix Bottom
Sensor

Tz

z�1

Discrete�Time
Integrator

D/A

Digital To Analog
Converter 1

D/A

Digital To Analog
Converter

num(z)

den(z)

D'(z)

y1ou1o

A/D

Analog To Digital
Converter 1

A/D

Analog To Digital
Converter

Figure7.2 SIMO controlsystem.

2. For a referenceinputequalto aunit stepat time5sec, recordyoursystemoutput.

3. Touchingonly theedgesof thedisks,manuallymove eachdisk. Canyou feel thecontrolleropposingyour
movement?

4. Manuallyraisethelowerdiskby about4cmfor about2sec. Gentlylower thediskandreleaseit. Observe the
system's responsefor at least5secandexplain it.

5. Now, double-clickon the integratorblock and limit its output to be in the range¡ 2: : : 8. Repeatstep4.
Explainthedifferencein behavior. Hint: Recall“integratoranti-windup”.

6. You will now usetheuppercoil to imparta disturbanceforceon theuppermagnet.This will in turn affect
the lower magnet,andyou will beableto seehow effective your controlsystemis at rejectingdisturbances.
Connecta “PulseGenerator”sourceblock directly to DAC2 (D2A channel1). Settheamplitudeof thepulse
generatorto 0:5, andrecordsimulationrunswith pulseperiodsof 4, 2, 1, 0:5 and0:25seconds.

7. Repeatstep2 for a slower samplingrate. (You will needto redesignyour controller.) How slowly canyou
sampleandstill getreasonableperformance?
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7.6 ASSIGNMENT

Reportyour controllerdesign.Discussthetransientandsteady-stateresponseof your closed-loopsystem.Explain
the behavior of the systemwhenyou manuallydisturb the lower disk for a lengthy periodof time. Discussthe
disturbance-cancelingperformanceof your system. How slowly canyou sampleandstill get reasonableperfor-
mance?Whatsamplingratedoyou recommendusing?
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Numeric Optimal PID Contr oller Design

8.1 INTRODUCTION

A genericPID controllerimplementsadifferenceequationof theform
u[k] D u[k ¡ 1] C q0e[k] C q1e[k ¡ 1] C q2e[k ¡ 2]:

The valuesfq0; q1; q2grepresentsomesetof PID coef�cients f K; TD; TI g. In orderto make a PID control design
to optimizesomeperformancecriteria,we needto optimizethevaluesof f K; TD; TI gor, equivalently, thevaluesof
fq0; q1; q2g. In this lab you will usea numericPID optimizationroutineto �nd valuesof fq0; q1; q2gto give good
controlresults.1

8.2 THIS LAB IS. . .

² An introductionto numericcontrol-designtechniques.

² Anotherexampleof single-inputmulti-output(SIMO) control.

8.3 BACKGROUND

8.3.1 Numeric Design of PID Controllers

Any digital controlleris implementedvia differenceequations.For example,a PID controlleris implementedvia
theequations

u[k] D u[k ¡ 1] C

K
·µ

1 C
T
TI

C
TD

T

¶
e[k] ¡

µ
1 C

2TD

T

¶
e[k ¡ 1] C

TD

T
e[k ¡ 2]

¸
(8.1)

or,
u[k] D u[k ¡ 1] C q0e[k] C q1e[k ¡ 1] C q2e[k ¡ 2]

whereq0, q1, andq2 areconstants.In orderto optimizethecontrollerto meetsomedesiredspeci�cations,we must
choosethecoef�cients fq0; q1; q2g.
Onemethodto dothis is to “�ddle” with thecoef�cients in anintelligentway in orderto gettheclosed-looptransfer
function to resemblesomedesiredclosed-looptransferfunctionascloselyaspossible.We comparetheoutputof
our controlledsystemwith thedesiredsystem,andthedifferencein theoutputat eachtime sampleis e[k]. We can
thencomputea “cost function” J suchas

J D
X

k

je[k]j2:

If we designour controllerto minimize J thentheoutputof our controlledsystemapproximatesthedesiredoutput
ascloselyaspossible.

1Incidentally, this is how thecontrollersin Labs2 and6 weredeveloped. They weredesignedto optimizetheaverageperformanceof the
controllerover thefour MagLevs.
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8.3.2 Function Minimization in Three(+) Dimensions

Our PID controllerdesignproblemis anoptimizationproblemin threevariables.We startout with aninitial guess
asto goodvaluesfor q D fq0; q1; q2g. Then,we approximatethegradientr Jq of J with respectto q. If we change
ourq valuesin thedirectionof thenegative gradient,we aredescendingdown theerrorsurfacetowarda minimum.
Speci�cally:

1. Startwith aguess.q D fq0; q1; q2g.

2. Setthe“stepsize” to asmallvalue.Say° D 10¡ 3, andsetthegradient“test stepsizes”±q0 D ±q1 D ±q2 to a
valuesmallerthan° .

3. Estimatetheslopein theq0-direction:

@J
@q0

¼
J.q0 C ±q0; q1; q2/ ¡ J.q0; q1; q2/

±q0

4. Estimatetheslopein theq1-direction:

@J
@q1

¼
J.q0; q1 C ±q1; q2/ ¡ J.q0; q1; q2/

±q1

5. Estimatetheslopein theq2-direction:

@J
@q2

¼
J.q0; q1; q2 C ±q2/ ¡ J.q0; q1; q2/

±q2

6. Normalizethegradientfor betterperformance

1 D

s µ
@J
@q0

¶ 2

C
µ

@J
@q1

¶ 2

C
µ

@J
@q2

¶ 2

:

7. Updateq0, q1 andq2:

q0 Ã q0 ¡
°
1

µ
@J
@q0

¶
I q1 Ã q1 ¡

°
1

µ
@J
@q1

¶
I q2 Ã q2 ¡

°
1

µ
@J
@q2

¶
:

8. Repeatfrom (3) until convergence.

Notethateveryevaluationof J.x; y; z/ requiresthatyouevaluatethesystemperformancefor thecontrollerde�ned
by the parametersfx; y; zg. Four separateevaluationsare requiredper iterationof the above loop (J.q0; q1; q2/
needsbe evaluatedonly once). In the caseof trying to matcha step-responsedesigncriteria, four stepresponses
needbesimulatedperiteration.

8.3.3 Example

The following codesegmentis similar to what you will needto write for this lab. The goal is to make the step
responseof thedigital plantG.z/ D z2C0:2zC0:02

.zC0:8/. z2C0:6zC0:36/ resembletheidealunit step1[k] ascloselyaspossible.

g=zpk([ 0.1+0.1*j 0.1-0.1 *j],[0.3+0. 5*j 0.3-0.5* j 0.8],1,-1 );

gamma=0.01; dq=0.0 01; T=20;

des = ones([T +1 1]); % desired step response

q0 = 0; q1 = 0; q2 = 0
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maxiter =410; J=zeros([1 maxiter]);

for i=1:maxit er,

d=tf([q0+dq q1 q2],[1 -1 0],-1);

t=feedback( d*g,1); s=step(t, T+1); J1=norm(des -s);

d=tf([q0 q1+dq q2],[1 -1 0],-1);

t=feedback( d*g,1); s=step(t, T+1); J2=norm(des -s);

d=tf([q0 q1 q2+dq],[1 -1 0],-1);

t=feedback( d*g,1); s=step(t, T+1); J3=norm(des -s);

d=tf([q0 q1 q2],[1 -1 0],-1);

t=feedback( d*g,1); s=step(t, T+1); J(i)=norm(d es-s);

if (mod(i-1 0,100)==0),

J(i), plot(0:T ,s); axis([0 T 0 1.4]); drawnow;

end;

p1=(J1-J(i) )/dq; p2=(J2-J(i) )/dq; p3=(J3-J(i) )/dq;

Delta=sqrt( p1*p1+p2*p2 +p3*p3);

q0=q0-(gamm a/Delta)*p1 ; q1=q1-(ga mma/Delta)*p 2; q2=q2-(g amma/Delta) *p3;

end;

Theleft plot below shows thestepresponseof thesystemevolving over time,andtheright plot shows the“learning
curve” of theoptimization(A learningcurveplots J versusiterationto show how thecostis beingminimized).
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8.3.4 Initial Guess for K; TI and TD:

In thecaseof designingaPID controllernumerically, theZiegler-Nicholsrulesmaybeusedto provideareasonable
initial guessfor fq0; q1; q2g. Recallthe“secondmethod”of ZieglerandNichols:Con�gure yourplantas:PSfragreplacements

Kur . t / y. t /Plant
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Turnupgain Ku until systemproducesoscillations(onstabilityboundary)Ku = “ultimategain.” Measuretheperiod
of oscillations: Pu is the period. The K , TI andTD parametersmay thenbe chosenasshown in the tablebelow
(Convert to q0, q1, q2 usingEq.(8.1).)

PSfragreplacements

Period,Pu
1 RESULTI NG TUNI NG RUL ES:

P PI PID
K D 0:5Ku

TI D 1
TD D 0

K D 0:45Ku

TI D 1
1:2 Pu

TD D 0

K D 0:6Ku

TI D 0:5Pu

TD D Pu
8

8.4 PRELAB ASSIGNMENT

In this lab, theMagLev will becon�gured identically to Lab 7. Again, it will beoperatedaroundtheequilibrium
point y1o D 1cm. Theinter-magnetseparationis nominally y12o D 8cm.

1. Recallu1o suchthat y1o D 1cm; thetransferfunctionG.s/ andthetransferfunctionG.z/ from Lab 7. Usea
samplingrateof 50Hz.

2. Determineinitial conditionsfor thenumericoptimizationfq0; q1; q2gusingtheapproximatevaluesKu D 0:4
andPu D 0:3sec.

3. Yourcontrollerwill implementthedifferenceequation
u[k] D u[k ¡ 1] C q0e[k] C q1e[k ¡ 1] C q2e[k ¡ 2]:

Use a numericoptimizationroutine to �nd fq0; q1; q2g which give closed-loopstepresponsemost closely
resemblingthestepresponseof theanalogprototypesystem

T.s/ D
20

s C 20
:

Minimize thecostfunction J D
P

k jekj2.

(a) Statethetransferfunction D.z/ of thecontrolleryou �nd.
(b) Plot thestepresponseof youroptimizedsystem.
(c) Plot the“learningcurve” showing how J decreasesversusiteration.

8.5 LABORATORY EXPERIMENT

1. Implementyour feedbackcontrolsystemin Simulink.

2. For a referenceinputequalto aunit stepat time5sec, recordyoursystemoutput.

3. Seehow well yourdesignrejectsdisturbanceby repeatingLab7 experimentalstep6.

8.6 ASSIGNMENT

Reportyourcontrollerdesign.Discussthetransientandsteady-stateresponseof yourclosed-loopsystem.How well
doesthephysicalsystemcorrespondwith yourdesign?
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Ragazzini' s Direct Contr ol Design Method

9.1 INTRODUCTION

Many of the transfer-function designtechniqueswe have discussed(lead/lag,etc) grew out of the limitations of
technologyto implementcontinuous-timecompensatorsusingresistors, capacitorsandthe like. With controllers
realizedby digital computer, suchlimitationsarenot relevantany more.An alternative designmethodis thedirect
controldesignmethodof RagazziniwhichdirectlycomputesthecontrollerD.z/ to achievesomedesiredclosed-loop
transferfunctionT.z/.

9.2 THIS LAB IS. . .

² PracticeusingRagazzini's directcontroldesignmethod.

² Controlsystemdesignvia pole-placementandprototypeemulation.

9.3 BACKGROUND

9.3.1 Direct Design Method of Ragazzini

Theclosed-looptransferfunctionof aunity-feedbackdigital controlsystemis

T.z/ D
D.z/G.z/

1 C D.z/G.z/
:

Notethatwecanre-arrangethisexpressionandsolve for D.z/ to give thisclosed-looptransferfunction.

.1 C D.z/G.z// T.z/ D D.z/G.z/
D.z/G.z/. T.z/ ¡ 1/ D ¡ T.z/

D.z/ D
1

G.z/
T.z/

1 ¡ T.z/
:

From this equation,it appearsas if we canspecifya desiredT.z/ andsimply computeD.z/ to achieve it! Can
controldesignbethissimple?

In general,the anseris “not quite”. The problemis that this techniquemay askfor the impossible:(non-causal,
unstable. . . ). Weneedto imposesomeconstraintson T.z/ for thecontrolsystemto beimplementable.

Causality: If D.z/ is causal,thenit hasnopolesat1 (equivalently, nozerosat theorigin). Therefore,T.z/ must
have enoughzerosat 1 to cancelout polesat 1 from 1

G.z/ . Putanotherway, thedelayin T.z/ mustbeat leastas
longasthedelayin G.z/. Theconstrainton T.z/ is then

² T.z/ musthaveazeroat in�nity of thesameorderastheorderof thezeroof G.z/ at in�nity .
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Stability: If G.z/ hasunstablepoles,they cannotbecanceleddirectly by D.z/ or therewill betrouble! To show
this,considerthecharacteristicequationof theclosed-loopsystem

1 C D.z/G.z/ D 0:

Let D.z/ D c.z/=d.z/ andG.z/ D b.z/=a.z/. Then

1 C
c.z/
d.z/

b.z/
a.z/

D 0:

Let theunstablepolein G.z/ beat®, soa.z/ D .z ¡ ®/a.z/. To cancelit, c.z/ D .z ¡ ®/c.z/; and

.z ¡ ®/a.z/d.z/ C .z ¡ ®/c.z/b.z/ D 0
.z ¡ ®/[a.z/d.z/ C c.z/b.z/] D 0:

Theunstableroot is still a factorof thecharacteristicequation!(oops).We concludethatunstablepolesmaynot be
directlycanceled,but mustbemovedvia thefeedbackmechanism.This imposestwo constraintson T.z/.

² [1 ¡ T.z/] mustcontainaszerosall thepolesof G.z/ outsidetheunit circle.

² T.z/ mustcontainaszerosall thezerosof G.z/ outsidetheunit circle.

Steady-State Accuracy: Finally, requirementsfor steady-stateaccuracy will imposesomeconstraintsonT.z/.
Assumethatthesystemis to beof type-Iwith velocityconstantKv. Note:

E.z/ D [1 ¡ T.z/]R.z/:

Wemusthavezerosteady-stateerrorto astep.Therefore

lim
z! 1

.z ¡ 1/[1 ¡ T.z/]
z

.z ¡ 1/
D 0

or T.1/ D 1. Furthermore,wemusthave1=Kv errorto aunit ramp.Therefore

lim
z! 1

.z ¡ 1/[1 ¡ T.z/]
Tz

.z ¡ 1/2
D

1
Kv

:

Usel'hôpital's rule to evaluate:

¡ T
dT.z/

dz

¯
¯
¯
¯
zD1

D
1

Kv
:

So,the�nal constraintson T.z/ are

² T.1/ D 1.

²
dT.z/

dz

¯
¯
¯
¯
zD1

D ¡
1

T Kv
.

Any T.z/ whichmeetstheserequirementsfor causality, stabilityandsteady-stateaccuracy is onewhichwill provide
a functionalD.z/.

9.3.2 Pole Placement

Now thatwehavethisconsiderabletool atourdisposal,weneedto determinewhereweshouldplacetheclosed-loop
polesof T.z/. Onepossibility is to chooseclosed-looppolesto mimic a systemthathasperformancethatyou like.
Setclosed-looppolesequalto thisprototypesystem.

Prototypesaretabulatedwith polesscaledto givesettlingtimeof 1 sec.or bandwidthof ! D 1 rad/sec.For example,
thefollowing two setsof stepresponseshaveconstantsettlingtimeandconstantbandwidth:
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0 2 4 6 8 10 12 14 16
0

0.2

0.4

0.6

0.8

1

PSfragreplacements

StepResponse:Constant Bandwidth

Time (sec.)

A
m

pl
itu

de

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

PSfragreplacements

StepResponse:Constantts

Time(sec.)

A
m

pl
itu

de

Thefollowing tableslist thenormalizeds-planepolelocations.

Besselpolelocationsfor ts D 1 sec.
1: ¡ 4:6200
2: ¡ 4:0530§ 2:3400j
3: ¡ 3:9668§ 3:7845j ¡ 5:0093
4: ¡ 4:0156§ 5:0723j ¡ 5:5281§ 1:6553j
5: ¡ 4:1104§ 6:3142j ¡ 5:9268§ 3:0813j ¡ 6:4480
6: ¡ 4:2169§ 7:5300j ¡ 6:2613§ 4:4018j ¡ 7:1205§ 1:4540j

Besselpolelocationsfor ! o D 1 rad/sec.
1: ¡ 1:0000
2: ¡ 0:8660§ 0:5000j
3: ¡ 0:7455§ 0:7112j ¡ 0:9420
4: ¡ 0:6573§ 0:8302j ¡ 0:9047§ 0:2711j
5: ¡ 0:5906§ 0:9072j ¡ 0:8516§ 0:4427j ¡ 0:9264
6: ¡ 0:5385§ 0:9617j ¡ 0:7998§ 0:5622j ¡ 0:9093§ 0:1856j

In orderto convert thesepolelocationsto somethinguseful,usethefollowing procedures:

PROCEDURE: For nth-ordersystem—desiredbandwidth.

1. Determinedesiredbandwidth! d.

2. Find thenth-orderpolesfrom thetableof constantbandwidth,andmultiplypolelocationsby ! d.

3. Convert s-planelocationsto z-planelocationsusingz D esT .

4. EnsureT.z/ meetsdesigncriteriaanduseRagazzinito computecontroller.

PROCEDURE: For nth-ordersystem—desiredsettlingtime.

1. Determinedesiredsettlingtime td.

2. Find thenth-orderpolesfrom thetableof constantsettlingtime,anddividepolelocationsby td.

3. Convert s-planelocationsto z-planelocationsusingz D esT .

4. EnsureT.z/ meetsdesigncriteriaanduseRagazzinito computecontroller.
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9.4 PRELAB ASSIGNMENT

In this labyouwill againcontrolthetwo-diskMagLev in thecon�gurationof Labs7 and8.

1. Recallu1o suchthat y1o D 1cm; thetransferfunctionG.s/ andthetransferfunctionG.z/ from Lab 7. Usea
samplingrateof 50Hz.

2. Designa T.z/ for settling time 0:2secandof appropriateorder(numberof poles). Make surethat all the
requirementsfor stability, causalityandsteady-stateerroraremet(chooseanappropriatevalueof K v ).

3. ComputeD.z/. Simulateandplot thestepresponseof theclosed-loopsystem.Plot thestepresponseof T.z/.
Do they match?

9.5 LABORATORY EXPERIMENT

1. Implementyour feedbackcontrolsystemin Simulink.

2. For a referenceinputequalto aunit stepat time5sec, recordyoursystemoutput.

9.6 ASSIGNMENT

Reportyourcontrollerdesign.Discussthetransientandsteady-stateresponseof yourclosed-loopsystem.How well
doesthephysicalsystemcorrespondwith yourdesign?

This is theendof Unit 3. You have thenext lab periodoff to give you time to write your lab report. Your formal
laboratoryreportcoveringall threelabsin thisunit is dueat thebeginningof thesubsequentlabperiod.
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Unit 4

State-SpaceController Design

This �nal unit of labsfocuseson digital controlsystemdesignusingstate-spacedesignmethods.TheMagLev will
becon�guredin a two-diskmulti-inputmulti-output(MIMO) con�guration. In:

² Lab10youwill usestatefeedbackto controltheMagLev; in

² Lab11youwill useoutputfeedbackto controltheMagLev.

Rememberthat if a control-systemdesignis properlydone,testingis very fast. Themajority of your time will be
spenton thePrelabassignment,designingthecontrollerin the�rst place.
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State-Feedbac k Contr oller Design

10.1 INTRODUCTION

In this experiment,you will implementfull multi-input multi-output(MIMO) control on the two magnetMagLev
system. The physical plant con�guration is again that of the previous threelabsexcept that now you will apply
inputsatboththeupperandlowermagnetlocations.Youwill usestate-feedbackcontroldesignmethodsin orderto
designthecontrollerfor this system.

10.2 THIS LAB IS. . .

² An introductionto MIM O state-spacecontrol.

² Anotherinstanceof controlsystemdesignvia pole-placementandprototypeemulation.

10.3 BACKGROUND

10.3.1 A full MIMO state-space model of the MagLev (Continuous-time)

Linear, lumped,time invariantsystemsmayberepresentedin state-spaceform as

Px.t/ D Ax.t/ C Bu.t/
y. t / D Cx.t/ C Du.t/;

whereA, B, C andD areconstantmatrices,x.t / is avectorfunctionof time,andu.t/ is avectorof inputs.Wewish
to representtheMagLev dynamicsin state-spaceform; that is, we mustde�ne a statevectorx.t/ and�nd matrices
A, B, C andD.

FromApp. B weknow thatthefull modelof theMagLev is:

mRy¤
1 C m¯ Py¤

1 C .k11 ¡ k21 C km12/ y¤
1 ¡ km12y¤

2 D ku11u¤
1 C ku12u¤

2

mRy¤
2 C m¯ Py¤

2 C .k22 ¡ k12 C km12/ y¤
2 ¡ km12y¤

1 D ku22u¤
2 C ku21u¤

1:

wheretheappropriateconstantsarede�ned in App. B.

If wede�ne thestatevectorx.t/ to be

x.t/ D
£

y¤
1. t / y¤

2. t / Py¤
1. t / Py¤

2. t /
¤T

;

thenwecanrepresenttheequationsof motionfor theMagLev in statespaceas

Px.t/ D

2

6
6
4

0 0 1 0
0 0 0 1

.k21 ¡ k11 ¡ km12/=m km12=m ¡ ¯ 0
km12=m .k12 ¡ k22 ¡ km12/=m 0 ¡ ¯

3

7
7
5 x.t/ C

2

6
6
4

0 0
0 0

ku11=m ku12=m
ku21=m ku22=m

3

7
7
5

·
u¤

1. t /
u¤

2. t /

¸

y. t / D
·

1 0 0 0
0 1 0 0

¸
x.t/:
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Therefore,thefull MIMO modelis:

A D

2

6
6
4

0 0 1 0
0 0 0 1

.k21 ¡ k11 ¡ km12/=m km12=m ¡ ¯ 0
km12=m .k12 ¡ k22 ¡ km12/=m 0 ¡ ¯

3

7
7
5 ; B D

2

6
6
4

0 0
0 0

ku11=m ku12=m
ku21=m ku22=m

3

7
7
5

C D
·

1 0 0 0
0 1 0 0

¸
; and D D

·
0 0
0 0

¸
:

10.3.2 A full MIMO state-space model of the MagLev (Discrete-time)

Recall from classthat in orderto convert the MagLev dynamicsto discretetime, we mustperformthe following
computations:

Ad D eAT ; Bd D A¡ 1. Ad ¡ I / B;
Cd D C; Dd D D:

Thisgivesusthediscretetimesystem
x[k C 1] D Adx[k] C Bdu[k]

y[k] D Cdx[k] C Ddu[k]:

Theinterpretationof thestateis

x[k] D

2

6
6
4

y¤
1.kT/

y¤
2.kT/

Py¤
1.kT/

Py¤
2.kT/

3

7
7
5 :

10.3.3 Calculating Equilibrium u1o and u2o

We may calculatethe steady-statecontrol effort u1o andu2o for a speci�c operatingpoint f y1o; y2ogby evaluating
theequilibriumequationsin App. B. Thesegive thetwo equationsandtwo unknownswhichmaybecombinedinto
amatrixequation:

"
1

a. y1oCb/4
1

a.13¡ y1oCb/4

¡ 1
a.13Cy2oCb/4

¡ 1
a.¡ y2oCb/4

# ·
u1o

u2o

¸
D

"
mg C c

. y12oCd/4

mg ¡ c
. y12oCd/4

#

·
u1o

u2o

¸
D

"
1

a. y1oCb/4
1

a.13¡ y1oCb/4

¡ 1
a.13Cy2oCb/4

¡ 1
a.¡ y2oCb/4

#¡ 1 "
mg C c

. y12oCd/4

mg ¡ c
. y12oCd/4

#

Notethatin orderfor theunitsto properlyagree,a factorof 100mustbeintroduced:
·

u1o

u2o

¸
D

"
1

a. y1oCb/4
1

a.13¡ y1oCb/4

¡ 1
a.13Cy2oCb/4

¡ 1
a.¡ y2oCb/4

#¡ 1 "
100mg C c

. y12oCd/4

100mg ¡ c
. y12oCd/4

#

:

10.3.4 State feedback control via pole placement

Controlof systemsin state-spaceform usesstatefeedbackratherthanoutputfeedback.Thecontrolleris designed
by choosinga K matrix suchthat

u[k] D r [k] ¡ K x[k]:

Thepolesof astate-spacesystemaretheeigenvaluesof the Ad matrix. By employing statefeedback,wechangethe
stateequationto

Lab reader prepared by Dr. Gregory L. Plett, ECE Department, University of Colorado at Colorado Springs



ECE4560, State-Feedback Controller Design 10–3

x[k C 1] D . Ad ¡ Bd K/x[k] C Bdr [k]

andthereforechangethe effective “ Ad” matrix to Ad ¡ Bd K. For many systems, we may chooseK to placethe
eigenvaluesof Ad ¡ Bd K anywherewe like (in complex-conjugatepairs,thatis). TheMatlabcommandplace ()
maybeusedto computethedesiredK matrix.

10.3.5 Steady-state accuracy

State-spacedesignvia poleplacementaddressesthe transient-response of thesystembut doesnot directly address
thesteady-stateresponse.For instance,it doesnot ensurezerosteady-stateerror to step-like control inputs. There
areanumberof waysto improvesteady-stateresponseandthesimplestis discussedhere(alsotheleastaccurate!).

Thedc-gainof thestate-spacesystemmaybecalculatedto be

Kdc D Cd. I ¡ Ad C Bd K/ ¡ 1Bd C Dd:

If we multiply the referenceinput by the inverseof the Kdc matrix, we compensatefor any aberrationfrom unity
dc-gain.

10.4 PRELAB ASSIGNMENT

1. Determinethefull state-spacemodelof thecontinuous-timeMagLev system.Thatis, �ll in all numbers.

2. Convert theplantmodelto discrete-time.Usea samplingfrequency of 50Hz. You mayuseeithertheexpm
commandor thec2d commandin Matlab.

3. Computethe u1o andu2o voltagesfor nominaloperatingpoints y1o D 1:5cm and y2o D ¡ 2:0cm. In this
con�guration, y12o D 9:5cm.

4. You will needto placefour polesusingstatefeedback.Usea prototypefrom Lab 9 anddesignfor a settling
timeof 0:5sec. Statethefour desiredpolelocations.

5. UseMatlab'splace commandto determineastate-feedbackgainmatrix

K D
·

k11 k12 k13 k14

k21 k22 k23 k24

¸
:

6. Computethedc-gainof yourcompensatedsystemKdc. Also computetheinverse:K ¡ 1
dc .

10.5 LABORATORY EXPERIMENT

Considerthe state-feedbackMIMO controllerasillustratedin Fig. 10.1on page10–4. The stateis composedfor
feedbackby actuallymeasuringy¤

1[k] and y¤
2[k], andby estimatingthe derivatives Py¤

1[k] and Py¤
2[k] usingEuler's

backwardrule:

Py¤
1[k] ¼

y¤
1[k] ¡ y¤

1[k ¡ 1]
T

and Py¤
2[k] ¼

y¤
2[k] ¡ y¤

2[k ¡ 1]
T

:

The four componentsof thestatevectorarepassedthrougha multiplexer to make thevectorsignalx[k], which is
multiplied by thematrix K (besureto usea matrix gain block from theMath Panel,andnot a regularscalargain),
anddemultiplexedinto thetwo componentswhich modify u[k]. Thereferenceinputsaremultiplexedinto a single
r [k] vector, which is multipliedby K ¡ 1

dc to removesteady-stateerror, anddemultiplexedinto individualcomponents
whichareusedfor eachcontrolinput.

1. Setthenominaloperatingpointsto y1o D 1:5cmandy2o D ¡ 2:0cm.
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Figure10.1 Diagramof state-feedbackMIMO system.

2. Usetheplasticsafetyclip sothattheuppermagnetrestsatapproximately¡ 2:5cm. Implementyourcontroller
(for zero referenceinput), andcheckthat the systemis stableand functioningproperly (e.g., the magnets
are levitating at roughly their properheights). If so congratulations!You have successfully implemented
multivariablecontrol! Remove theplasticclip.

3. Setup thefollowing multivariableinput: Lower-disk trajectory:PulseGeneratorinput,1cmamplitude,4sec
period,0secoffset; Upper-disk trajectory:PulseGeneratorinput, 1cmamplitude,4secperiod,1secoffset.
Executethesetwo trajectories.Noticetheresponseof themagnetsandthecrosscouplingbetweenthem(e.g.,
how muchthestationarymagnetmovesasthemoving onechangesposition).Plot your commandedposition
andy¤

j , j D 1; 2, datafor eachaxis. Noticethecrosscouplingin theoutputandin which magnetpositionsit
is mostpronounced.

10.6 ASSIGNMENT

Reportall PrelabandmeasuredExperimentresults. Describethe motion of the two magnetsunderMIM O state-
spacecontrol from your pulseresponsesin termsof their relative interferencewhenthe two magnetsareclosest
togetherandwhenthey arefurthestapart.Canyouseethenonlineareffectof the“spring” in theoutputs?Explain.
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State Estimation and Contr ol Design

11.1 INTRODUCTION

Statefeedbackcontrolis averypowerful designtechniqueasit oftenallowsusto placeclosed-looppolesanywhere
we desire.Thepricewe payfor this power is thatwe mustmeasureall of thesystemstates.In Lab 10, measuring
the two statesy¤

1[k] andy¤
2[k] wassimple(althougheventhesearecorruptedby sensornoise).However, thestate

derivativeshadto beapproximatedby

Py¤
1[k] ¼

y¤
1[k] ¡ y¤

1[k ¡ 1]
T

and Py¤
2[k] ¼

y¤
2[k] ¡ y¤

2[k ¡ 1]
T

:

State-spacedesignmay be accomplishedmore accuratelyif the stateof the systemis estimatedusing a special
circuit calledanestimatoror anobserver. Theoutputof theestimatoris thestateestimateOx[k]. Feedbackcontrol
is accomplishedvia u[k] D r [k] ¡ K Ox[k] ratherthanu[k] D r [k] ¡ K x[k]. Eventhougha stateapproximationis
used,stablecontrolis guaranteedif theoriginal controlpoleswerestableandtheestimatorpolesarestable.

11.2 THIS LAB IS. . .

² Your �nal control designfor this course,incorporatingmany aspectsof state-spacetheory including state
estimation.

11.3 BACKGROUND

11.3.1 Estimator Design

We seldommeasureall of thestatesof x[k] in orderto accomplishstate-feedback.Instead,we useour knowledge
of theplantdynamicsandtheplantinputandoutputin orderto estimatethestateof theplantby simulatingtheplant
behavior in real-time.Let Ox[k] beour estimateof theplantstate.If we feedbacku[k] D r [k] ¡ K Ox[k] thepolesof
theclosed-loopsystemaremovedto thesameplaceasif we feedbacku[k] D r [k] ¡ K x[k].

How dowedesignanestimator?Considerthefollowing:

Ox[k C 1] D Ad Ox[k] C Bdu[k] C L. y[k] ¡ Cd Ox[k]/

whereL is an £ m (number-of-statesby number-of-outputs)matrixof gainschosenby thecontrol-systemdesigner.
Call theerrorbetweentheactualstateandtheestimatedstateQx[k] D x[k] ¡ Ox[k]. Then,theerrorhasdynamics

Qx[k C 1] D Adx[k] C Bdu[k] ¡ Ad Ox[k] ¡ Bdu[k] ¡ L.Cdx[k] ¡ Cd Ox[k]/
D . Ad ¡ LCd/ Qx[k]:

So, the estimatorerror haspolesdeterminedby the eigenvaluesof the . Ad ¡ LCd/ matrix. By choosingthe L
gains,we canmake theestimatorerrorconverge to zeroasquickly aswe desire.Often, thepolesof theestimator
arechosento beslightly fasterthanthepolesof theclosed-loopplant. Theestimatorgain vectorL is designedin
exactly thesamewayasthecontrollergainvectorK , but with Ad replacedby AT

d , Bd replacedby CT
d and�nally by

computingthetransposeof theresult.Speci�cally, for asetof desiredpolelocationsdes_ poles ,

L = plac e(Ad',Cd ',des_p oles)';
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11.4 PRELAB ASSIGNMENT

1. Recallyourdiscrete-timesystemmodel,u1o, u2o, K andKdc from Lab10. Youwill needtheseagain.

2. Youwill needto placefour polesfor theestimatordesign.Useaprototypefrom Lab9 anddesignfor asettling
timeof 0:1sec. Statethefour desiredpolelocationsandyourestimatorgainmatrix L.

11.5 LABORATORY EXPERIMENT

ConsidertheMIMO controllerwith estimated-statefeedbackasillustratedin Fig. 11.1.Theestimatorat thebottom
of the�gure implements

Ox[k C 1] D Ad Ox[k] C Bdu[k] ¡ L. y[k] ¡ Cd Ox[k]/:

Thefeedbackis computedasu[k] D K ¡ 1
dc r [k] ¡ K Ox[k]:

Bottom Coil
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    Scale reference input for     
good steady�state error.

Estimate the state
value using            
measurements of  

     the output y[k].          

    Compute state feedback    
    by multiplying state           
  estimate by K.                 
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Figure11.1 Diagramof state-feedbackMIMO system.

1. Setthenominaloperatingpointsto y1o D 1:5cmandy2o D ¡ 2:0cm.

2. Usetheplasticsafetyclip sothattheuppermagnetrestsatapproximately¡ 2:5cm. Implementyourcontroller
(for zeroreferenceinput), andcheckthat thesystemis stableandfunctioningproperly(e.g., themagnetsare
levitatingat roughlytheir properheights).

3. Setup thefollowing multivariableinput: Lower-disk trajectory:PulseGeneratorinput,1cmamplitude,4sec
period,0secoffset; Upper-disk trajectory:PulseGeneratorinput, 1cmamplitude,4secperiod,1secoffset.
Executethesetwo trajectories.Noticetheresponseof themagnetsandthecrosscouplingbetweenthem(e.g.,
how muchthestationarymagnetmovesasthemoving onechangesposition).Plot your commandedposition
andy¤

j , j D 1; 2, datafor eachaxis. Noticethecrosscouplingin theoutputandin which magnetpositionsit
is mostpronounced.
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11.6 ASSIGNMENT

Reportall PrelabandmeasuredExperimentresults. Describethe motion of the two magnetsunderMIM O state-
spacecontrol from your pulseresponsesin termsof their relative interferencewhenthe two magnetsareclosest
togetherandwhenthey arefurthestapart.Canyou seethenonlineareffect of the“spring” in theoutputs?Explain.
Comparetheresultsof this labwith thoseof Lab10. Whicharebetter?Explain.

This is the �nal lab. Your formal laboratoryreportcoveringboth labs in this unit is dueat 5:00p.m.Thursday10
May 2001.
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Congratulations!

You have just completeda rigorouslab coursein digital control. You have studieddiscrete-timesimulation;two
methodsof controldesignwhich emulateanalogsystems; effectsof digital systemssuchasaliasing,discrete-time
modelsand �nite-precision effects; threemethodsof direct digital control design;andstate-spacecontrollerand
estimatordesign.Youhave implementedSISO,SIMO andMIMO controllers.

More importantly, you have implementedall thesemethodson a physicalsystem.You have discoveredthatcontrol
experimentsfocusattentionon performanceandimplementationissuesthatmaybeoverlookedandat theleastare
dif�cult to captureby “theory.” For example:

² Controlexperimentshighlight implementationissues(suchasintegratoroverload,sensornoise,dynamicnon-
linearitiesandactuatorsaturation)thatareeasyfor theoryto overlook.

² Thedifferencebetweena“toy” controlassignmentanda“real” controlexperimentis whetherthedisturbance
is of your own constructionor is thrown at you by MotherNatureherself,andif unmodelednonlineareffects
arepresent.

² Control experimentsprovide a quick way to identify control methodsthat seemto work underreal-world
conditionsandthosethatclearlydon't.

Thelastitem—�nding whatdoesanddoesnotwork—leadsto reallearning.

I hopethatyouhaveenjoyedthis lab,have foundit interesting,andthatyouhave learnedagreatdeal.

GregoryPlett

August2002
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App. A: Magnetic Levitation Principles

This appendixgivesa brief overview of key conceptsin magnetismin generalandmagneticlevitation in particular.
It includesequationsandillustrationsthatshow how magnetic�elds andforcesaregeneratedwithin theModel730
apparatusandconcludeswith areferencesection.For amorerigoroustreatmentof thesetopics,thereaderis referred
to theliteraturelistedat theendof theappendix.

A.1 Intr oduction

Magnetic�elds areusedto describeforcesatadistancefrom electriccurrents.Thesecurrentsareof two types:

1. Free,or Amperian,currentsasdrawn from abatterypack,powersupply, or anelectricaloutlet,and

2. Boundcurrentsasin permanentmagnetmaterials.

Theforcescomein threevariations:

1. An electricalcurrentfeelsa forcefrom anothercurrent,

2. A currentfeelsa forcefrom apermanentmagnet,and

3. A permanentmagnetfeelsa forcefrom anotherpermanentmagnet.

Thisactionatadistanceis describedby sayingamagnetic�eld existscreatedby oneof thebodiesat thelocationof
theotherbody. Themagnetic�eld is themediumby which theforceis transferred.

In this section,a brief discussionconcerningthe magnetic�elds causedby magnetizedmaterials(i.e., permanent
magnets)is presented.By demonstratingthatmagneticmaterialscanbereducedto effective currentdistributions,
this discussion forms the basisfor calculatingthe forceson permanentmagnets.The magnetic�elds dueto free
currentdistributionsarecalculatednext. These�elds areusedto calculatethe forcesfelt by current-carryingcon-
ductors.Time-varyingcurrentscausetime-varyingmagnetic�elds. Thesechangingmagnetic�elds induceelectric
currentsthat,in turn,experiencea force.

Maglev systemsutilize thefundamentalphysicsof electriccurrentsexperiencingforces-at-a-distance.Thesesystems
aremostoftendescribedin termsof theinteractionof electricalcurrentwith magnetic�elds. Becausethemassesof
thevehiclesarelarge,largeforcesarerequiredfor magneticsuspension.Theselargeforcesareprovidedby thehigh
magnetic�elds of eitherlargesuperconductingcurrentsor smallair gapsin normalferromagneticcircuits.

A dictionaryof commontermsis providedat theendof thesectionanda referencelist is includedfeaturingbooks,
Maglev studiesandMaglev URLs.

A.2 Magnetic Fields & Forces

A.2.1 Magnetic Fields Caused by Magnetized Materials

Electronspinis aquantummechanicalphenomenon.Its signi�cancehereis thefactthatthereis associatedwith the
electronspinamagneticmomentof �x edmagnitude.To determinetheforcesonmagneticmaterials,weusethefact
thatthemagneticmomentof theelectronspinactsasif it is acurrentloop.
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A volumeof magnetizedmaterialcontainsavery largenumberof alignedelectronspins.This is illustratedschemat-
ically in the �gure below. A grid patternwassuperposedonto thematerialto indicatesmall volumesof materials
whichcanbeanalyzeddiscretely.

PSfragreplacementsdz

M

The �gure below isolatestwo small volumes. The oneon the left generatesa magnetic�eld dueto its magnetic
moment,m. Theoneon the right generatesa magnetic�eld by virtue of thecurrentwrappingthevolume(this is
commonlyreferredto asa “curr entsheet.” ), andotherwiseignoresthepresenceof themagneticmaterial.The two
magnetic�elds areentirelyequivalent(externalto thematerial).ThematerialpropertyM describesthestrengthof
themagneticmaterialandtheamountof currentrequiredperunit distanceof height.TheparameterK describesthe
currentper unit heightwithin the currentsheet.For modernhigh performanceneodymium-iron-boronpermanent
magnets,K ¼ 900; 000amps/meter.

PSfragreplacements

dz

m
I I D M dz; K D I =dz D M

Equivalentassources
of magnetic �eld

Assemblingmany small volumesin juxtaposition,one can seein the �gure below the result of substitutingthe
currentloop for themagneticmaterial;theinternalcurrentscancelwhile thesurfacecurrentsdo not cancel.Hence,
no mattertheshapeof thematerial,theexternalmagnetic�eld canbeexactly reproducedby a currentstripealong
thematerialperimeter. (This is trueif themagnetizationis uniform. If themagnetizationis uniformthenthecurrents
areequalandcancel.If themagnetizationis not uniform, thentheequivalentcurrentdistribution canbecalculated
by J D r £ M, whereJ is thevolumecurrentdensity.)

PSfragreplacements

I

I

I

I

In summary, themagnetic�eld of auniformly magnetizedpermanentmagnetcanbeexactlyreproducedby acurrent
sheetalongtheperimeter. Thisequalityis indicatedgraphicallyin the�gure below. Themagnitudeof thecurrentis
proportionalto thematerialthicknesswith theconstantof proportionalitydependentuponthematerialitself. This
equivalenceof magnetic�elds is commonlyexploitedto calculatetheforcesonpermanentmagnetmaterials.
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dz

M
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D

A.2.2 Calculating Magnetic Fields

TheBiot-SavartLaw is thefundamentalrelationshipbetweencurrentandmagnetic�eld:
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d EB D
¹
4¼

I dEl £ Er
Er 3

; (A.1)

where,

d EB Ddifferentialmagnetic�eld, tesla,

¹ Dpermeability, Henry/m,

I Dcurrent,amps,

dEl Ddifferentiallengthof current-carryingelement,m,

Er Dvectordistancefrom currentelementto �eld point,m.

Two simplegeometriesfor calculatingthemagnetic�eld areanin�nitely long,straightconductorandacircularloop
of conductor.

Straight Conductor

For thestraightconductorcarryingcurrentupwardsalongthey-direction,themagnetic�eld canbecalculatedatany
pointdueto adifferentialcurrentelementas:

d EB D
¹
4¼

I dEl sinµ
r 2

; (A.2)

PSfragreplacements

y

R

r D
p

y2 C R2

d EB
(into page)µ

dEl

I

By integratingalongy from ¡1 to 1 , theresultis:

B D
¹ I

2¼R
;

wherethe directionof the magnetic�eld is determinedby the right handrule (point the thumbof the right hand
alongthedirectionof currentandthe�ngers curl in thedirectionof themagnetic�eld).

Circular Loop at Center

Themagnetic�eld at thecenterof a circular loop of wire canalsobecalculatedfrom theBiot-Savart Law. In this
case,the anglebetweenthe currentelementand�eld point is a constant(90±) so the vectorcrossproductalways
yieldsunity. Thenthemagnetic�eld is:

d EB D
¹
4¼

I 2¼R
R2

D
¹ I
2R

: (A.3)
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Circular Loop Anywhere Along Axis

Themagnetic�eld alongtheaxisof a circularloop of wire canalsobecalculatedfrom theBiot-Savart Law. In this
case,theanglebetweenthecurrentelementand�eld point is still aconstant(90±) sothevectorcrossproductalways
yields unity. The net magnetic�eld from any currentelementhasvertical andhorizontalcomponents.However,
asthecurrentelementfollows theconductorpath,thehorizontalcomponentsof the �eld cancelwhile thevertical
componentsadd.Thentheaxialmagnetic�eld is:

Bz D
¹
4¼

I 2¼R
z2 C R2

cos® D
¹ I R

2.z2 C R2/
R

p
z2 C R2

D
¹ I R2

2.z2 C R2/3=2
: (A.4)PSfragreplacements

R

EBz EB

dEl

I

I

®

®

Due to the commonoccurrenceof circular coils, this relationshipis very important. Along the axis the magnetic
�eld is purelyvertical. For valuesof height,z, above theplaneof thecoil, which aresmallcomparedto theradius,
R, .z ¿ R/ theverticalmagnetic�eld is insensitive to z. This is dueto the �nite radiusof thecoil. For heightsz
muchlarger than R .z À R/ theaxial �eld decreasesasthe reciprocalthird power of height. Off-axis, the radial
magnetic�eld decreasesasthereciprocalfourthpowerof height.

Calculating Magnetic Forces

Theforcebetweencurrentcarryingconductorsis givenby theLorentzLaw:

d EF D I dEl £ EB; (A.5)

where,d EF Ddifferentialforce,in Newtons.

Onesimplegeometryfor calculatingthe magneticforce per unit lengthis two in�nitely long, straightconductors
parallelto eachother.

F
l

D ¡
¹ I1I2

2¼R
:

The negative sign meansthe two parallelcurrentsattractoneanother. If the directionof oneof the currentswere
to be reversed(anti-parallelcurrents),the force would alsoreverse, andthe currentswould repel. Reversingboth
currents,of course,onceagainproducesanattractive force.

PSfragreplacements R

d EB
(into page)

I1 I2

To evaluatethe magnetic�eld at off-axis points, the sameformula (A.1) canbe used. The mathematicsquickly
becomesintractableandthesolutionis usuallyimplementednumerically. Alternatively, specializedcomputeraided
designsoftwarecanbeusedto calculatethemagnetic�eld at arbitrarypointsin space.Thetwo methodsapproach
the calculationdifferently (the former is the idealizedmagnetic�eld numericallyapproximatedwhile the otheris
thehigh �delity numericalmodelof thedetailedsystem). Eithermethodwill, of course,yield thesameresult.

The force dueto a current-�eld interactionoff-axis canbe calculatedaccordingto (A.5). Thus, in the caseof a
NeodymiumIron Boronpermanentmagnetpositionedabove a coil, themagnetcanbemodeledasa currentsheet
of thicknessequalto thatof themagnet.This “current” createsa magnet�eld at thelocationof thecoil conductors.
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Theforceon thecoil and,by Newtonsthird law, theforceon themagnetis simply theproductof themagnetic�eld,
currentandconductorpathlength.

Sincetheequivalentcurrentof thepermanentmagnetis in thethetadirection(circumferentialaroundthemagnet),
thevectorcrossproductin theforceequationsuggeststhatto getanaxial force,Fz we musthave a radialmagnetic
�eld, Br . ¡ Oz D Oµ£ Or /. In developingthecontrolsystem,it is convenientto expresstheradialmagnetic�eld equation
in thefollowing form:

Br D
c1

.z C c2/ N
;

wherec1 andc2 areconstantsdependinguponthe geometryof the permanentmagnetsand N is a parameterde-
scribingthedecreasein magnetic�eld with increasingaxial distance.For thecaseof theaxial magnetic�eld, we
saw above c1 is the surfacecurrentdensitymultiplied by the magnetthickness,c2 is relatedto the squareof the
magnetradius,andN is threeor less,dependingupontherelativeaxialdistance.Theradialmagnetic�eld decreases
more rapidly with distancethan the axial magnetic�eld by approximatelyonemorepower of the denominator:
3 < N < 4.1

In orderto suit thecontrollaw, thefollowing form of theforceequationfor amagnet-coilinteractionis sought:

F D
K

.z C D/ N
¢

I
Imax

:

Thevariousmagnet-coilinteractionshave beenanalyzedandtheappropriateconstantshave beendetermined.Be-
causeof the inherentnon-linearityof magnetic�elds, theseconstantscanvary whentheexcursionfrom thecalcu-
latedsystemis large;thatis, theequationshave beenapproximatedby constantparametersin theregionof interest.
Thatis, at very largeaxial heightsor very low heightstheconstantswill differ from thosecalculated.

Theform of theforceis thesamefor interactionsbetweenpermanentmagnetsdueto theequivalentcurrentconcept
discussedabove. In this case,however, the currentis not a free parameterfor control but is determinedby the
geometry.

Calculating Induced Currents

A time-varyingmagnetic�eld inducesvoltagesin aclosedloopaccordingto Faraday'sLaw:

V D ¡ Nt
@Á
@t

;

where,

V is theinducedvoltagearoundaclosedloop,

Nt is thenumberof turnsof conductoraroundtheloop,and,

@Á=@t is the�ux rateof changethroughthatloop.

Thenegative sign in Faraday's Law is themanifestationof Lenz's Law. Lenz's Law statesthatwhencurrentsare
inducedin bodiesdue to a changingmagnetic�eld, the currentsare in sucha directionas to cancelthe change
in magnetic�eld experiencedby the body. For instance,if no �eld is presentandsuddenlya �eld is applied,the
inducedcurrentstendto circulateto cancelthemagnetic�eld. If, however, themagnetic�eld haspreviouslyexisted,
removal of themagnetic�eld causescurrentsto �o w in anattemptto maintainthe�eld.

Considerasinglecurrent-carryingconductormoving relative to aconductivesheet.It canbeshown [Magneto-Solid
Mechanics,pg.339ff] thatthereis acharacteristicvelocityof themotion,w:

w D
2½
¹ 0t

;

1In evaluatingspeci�c geometriesandusingnumerical curve�tting, exponentsof valueN > 4:0 canresult.For theModel730Apparatus,
N · 4:3.
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where,½is thesheetmaterialresistivity, t is thethicknessof thesheetand¹ 0 is thepermeabilityof freespace.At
standstill,themagnetic�eld of thecurrentwill fully permeatethesheetconductor. Themagnetic�eld lineswill be
perfectcirclesaboutthecurrentcenter. At very low speeds,(v ¿ w) the�eld still permeatesthesheetandthe�eld
lineswill still beverynearlycircular. Thissituationin shown in the�gure below, theinducedcurrentin thesheetis
K amps/meter.

PSfragreplacements

CurrentI
(into page) B

v v ¿ w
t

K

K , amps/m½

As the conductorspeedis increasedto approximatelythe characteristicvelocity (v ¼ w), the movementof the
magnetic�eld throughthesheetcausesinducedcurrentsto �o w. Accordingto Lenz's Law, thesecurrents�o w in
suchamannersoasto canceltheeffectof theapproaching�eld. Nevertheless,dueto �nite resistance,themagnetic
�eld will still penetratethe conductive sheetto an extent andasthe conductorleavesthe region of magnetic�eld
additionalcurrentsareinducedto maintainthe presenceof the �eld. This situationis shown in the �gure below.
Noticethesheareffectof themotionon themagnetic�eld.

PSfragreplacements
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(into page) B
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t

K
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Whenthespeedis increasedto substantiallyabovethecharacteristicsvelocity, theconductivity of thesheetprevents
themagnetic�eld from any signi�cant penetration.Theconductoris moving suf�ciently fastthatsigni�cant resistive
dissipationdoesnot occur. Eachsectionof sheetgeneratestheexactrequiredcurrentto perfectlyshieldtheinterior
of theconductivesheetfrom themagnetic�eld. Thissituationis shown in the�gure below. Noticethatthemagnetic
�eld linesdonotenterthesheet.

PSfragreplacements
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(into page) B

v v À w
t

K
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For applicationto the demonstrationunit, the currentelementis the equivalentcurrentof the permanentmagnet
edge.Thepermanentmagnet�ying above a rotatingconductive sheetintroducesseveraldetailsdifferentfrom that
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describedabove. Thephysicalprincipleremainsthesame;thatis, thecurrentsareinducedin thesheetin responseto
theapparentchangein magnetic�eld, andthesecurrentstendto cancelthechangein magnetic�eld. Theinteraction
of the(magnetic�eld from) theinducedcurrentsandtheoriginalpermanentmagnetic�eld producearepulsionforce
which levitatesthemagnet.Thesefundamentalsarethebasisof severaldifferentcon�gurationsof Maglev systems.

A.3 Maglev Applications

The�gure below shows six arrangementsusedin magneticlevitation of moving vehicles.Five of thearrangements
rely onrepulsiveforces.Thelowerelementsare�x ed(say, with respectto theearth)andtheupperelementslevitate.
The �rst arrangement(permanentmagnetlike poles) is the commonone for demonstratinglike magneticpoles
repel.Thesecondandfourtharrangements(permanentmagnetand/orsuperconductingmagnet�ying overanormal
copperlower coil) is similar to that usedfor the JapanesesuperconductingMaglev system. The third and �fth
systemsaresimilar to theMagneplanesystemwherepermanentmagnetsor superconductingcoils �y over normal
sheetconductor. Notably, thishasbeenvariouslyproposedasaninexpensivemethodto attainlevitation.

Thesixth arrangement(electromagnetundera ferromagnet)is quitedifferentandis thebasisfor theGermanTran-
srapidMaglev system.The�x edelementis theupperferromagneticmaterialandthelowerelectromagnetis actively
controlled.If thecurrentin theelectromagnetis toolarge,theelectromagnetfeelsanetupwardforceuntil it contacts
theferromagneticmaterial.If thecurrentis toosmall,theninsuf�cient forceis availableandtheelectromagnetfalls.
Hence,thecurrentin theelectromagnetmustbecontinuouslyadjustedto enablelevitationwithoutcontact.
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For applicationsinvolving moving vehicles,all maglev designsshareacommontrait: while generatingmagneticlift
(in thedirectionperpendicularto travel) thereis alsogeneratedmagneticdrag(opposingthedirectionof travel). The
detailsof thelift anddragforces,of course,dependuponthecon�guration.

A.4 Reference

NewsItem: 14April 1999JapaneseMaglev vehicledemonstratestopspeedof 552km/hr (345mph).

A.4.1 Current Status of Maglev in the United States and Internationally

SuperconductingMaglev technologywasinitiated in the late 1960sandearly 1970sin the United Statesin 1969
whenDrs. JamesPowell andGordanDanbyof New YorksBrookhavenNationalLaboratoryinventedtheconcept
of a repulsive magneticsuspensionusing superconductingmagnets. In the mid-1970sthe US stoppedMaglev
developmentdue to funding problems. Other countries,however, continuedto develop Maglev and today have
viablesystems.In theearly1990sMaglev researchwasrekindledat a Federalgovernmentlevel. At varioustimes,
the Departmentof TransportationsFederalRailroadAdministrationand FederalTransit Administration,NASA,
Departmentof the Air Force, and Departmentof the Navy have joined resourcesfor the purposeof developing
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Maglev and Linear Motor technology. Although eachagency had its own speci�c applicationin mind, a loose
consortiumseemedto providethebestbangfor thebuck. Thesituationhasprogressedwheretodaythereareseveral
highspeed(¼ 300mph)andlow speed(¼ 100mph)regionsin thiscountrywhereMaglev is thoughtto beaviable
alternativemeansof rapidpublic transportation—yetit is still unprovenin theUnitedStates.

Germany's Transrapidvehiclehasbeenextensively testedandhasbeenproposedfor useon severalprojectsin this
country. TheGermansarepresentlyconstructingaTransrapidroutefrom Hamburg to Berlin.

Japanis developingasystemthatusessuperconductingmagnetsandis currentlyconstructingamajortestroutethat
will ultimatelybeincorporatedinto arevenue-producingroute.Approximately80%of thissystemwill bein tunnels
cut into mountains.This hasgreatlyincreasedtheconstructioncostbut hasdecreasedthecostof landacquisition
for theMaglev right-of-way.

A.4.2 Glossary

Eddy Curr ents: Inducedcurrentsin conductorsby changingmagnetic�elds. Sincethe currents�o w in closed
pathswithin thematerials,they aresimilar to eddiesin rivers. In accordancewith Lenz's Law, thesecurrents
�o w in suchamannerasto opposethechangein magnetic�eld inducingthem.Frequently, eddycurrentsare
undesirable,but they canbedesiredin casesof inductionandmicrowave heatingfor industrialandconsumer
purposes.

EDS: ElectrodynamicSystem

ElectrodynamicSystem: Magneticforcesbaseduponrepulsionfrom inducedcurrents. Inherentlystablecanbe
lightly dampedor evennegatively dampedatsuf�ciently high frequencies.

ElectromagneticSystem: Magneticforcesbaseduponattractionfrom appliedcurrents. Inherentlyunstableand
currentsmustbecontrolled.

EMS: ElectromagneticSystem

HSST: High SpeedSurfaceTransportation(notashighspeedasthenamesounds).JapaneseEMSMaglev.

Inductance, L: L D NtÁ=I , Total �ux linkedperunit current.UnitsareHenries,H.

Maglev: Generictermfor magneticsuspension.Sometimesrefersto bothlevitation (vertical forces)andguidance
(side-to-side forces).

Magnetic Drag: Magneticforceopposingpropulsion,dueto resistivedissipation.UnitsareNewtons.

Magnetic Field, H: Three-dimensionalvectorusedto calculatetheenclosedcurrentasusedin Ampere'sLaw r £
H D ¹ 0Jfree. Thisparameteris independentof thematerialproperties.UnitsareAmperes/meter, A/m.

Magnetic Flux Density, B: Three-dimensionalvectorusedto calculatetheforceon conductorsandmagneticma-
terials.UnitsareWb/m2 or Tesla,T. r £ B D ¹ 0. JfreeC Jbound/ . RecallalsoF D I dl £ B.

Magnetic Flux, Á: Á D
RR

EB ¢d EA, the integral of the vectordot productof the �ux densityandarea. Units are
Webers,Wb.

Magnetic Lift: Magneticforceopposinggravity.

Permeability: ¹ D B=H, Ratioof �ux densityto magnetic�eld. UnitsareHenries/meter, H/m.

Reluctance: Ratioof totalmagnetomotive forceto total �ux throughacircuit. UnitsareinverseHenries,H¡ 1.

RTRI: RailwayTechnicalResearchInstitute.Japaneseresearcharmto developEDSMaglev.
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Superconductivity: Thematerialpropertyof thecompletelackof electricresistance,obtainedfor specialmaterials
only underconditionsof refrigeration.Two classesof materialsarelow critical temperaturesuperconductors
(T · 10K)andhighcritical temperaturesuperconductors(HTSC)(T · 77K).

Transrapid: GermanEMSMaglev, Hamburg to Berlin routeunderconstruction.

Magnetomotive force,mmf: MMF D
H

EH ¢dEl D Nt I . Intermediatequantityusedfor magneticcircuits. Concep-
tually similar to theelectromotive forceor voltageof anelectriccircuit. Unitsof mmf areAmpere-turns.

Lenz'sLaw: A law statingthat inducedcurrentsresultingfrom a changein magnetic�eld arein sucha direction
asto opposethechangein magnetic�eld. Hence,if amagnetic�eld is increased,currentis inducedto cancel
it. If themagnetic�eld is decreased,currentis inducedto preserve it.

A.4.3 Reference Literature:

Books

1. SuperconductingLevitation: Applicationsto BearingsandMagneticTransportation,FrancisMoon,Wiley &
Sons,New York, 1994.

2. CaseStudiesin SuperconductingMagnets: DesignandOperational Issues, YukikazuIwasa,PlenumPress,
New York, 1994.

3. Magneto-SolidMechanics, FrancisMoon,Wiley & Sons,New York, 1984.

4. ElectromagneticLevitation andSuspensionTechniques, B.V. Jayawant,EdwardArnold Publishers,London,
1981.

5. Electromagnetics, J.D.Kraus,McGraw Hill Companies,New York, 1992,p. 288.

6. Electricity& Magnetism, E. Purcell,McGraw-Hill BookCompanies,New York, 1965.

Maglev Studies

1. “Study of JapaneseElectrodynamicSuspensionMaglev Systems,” J.L. He,D.M. Rote,H.T. Coffey, Argonne
NationalLab,Argonne,IL, 60439,April 1994.

2. “New York StateTechnicalandEconomicMaglev Evaluation,” Michael Proise,GrummanSpaceandElec-
tronicsDivision,New York, June1991.

3. “ElectrodynamicSuspensionand Linear SynchronousMotor Propulsionfor High SpeedGuidedGround
Transportation,” David Atherton,CanadianMaglev Group,CIGGTReportNo. 77–13,September1977.

4. “Conceptual DesignandAnalysisof TheTrackedMagneticallyLevitatedVehicleTechnologyProgramRe-
pulsionScheme,VolumeI—TechnicalStudies,FordMotor Co.,USDOT/FRA,ReportPB247931,Feb. 1975.

Maglev WebSites

1. http: //bmes. ece.ute xas.edu/ ~jcamp/ physics /index.h tml Descriptivelink of Maglev tech-
nologiesandbasicphysics.

2. http: //eb-p5 .eb.uah .edu/mag lev/mag lev.htm l Univ. of AlabamaHuntsvilleCollegeof Engi-
neeringWWW ArchiveandInformationservicefor High SpeedandAutomatedTransportationTechnologies.
(Thissiteis relatively new andhasun�nishedlinks.)

3. http: //www.r tri.or. jp/ RTRI Homepage.JapaneseEDSMaglev.

4. http: //www.m vp.de/e nglish.h tm TransrapidOf�cial Homepage.GermanEMSMaglev.
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5. http: //weber .u.wash ington.e du/~jbs /itrans /hsst.ht mHSSTunof�cial descriptivepage.

6. http: //www.m eitetsu .co.jp/c hsst/me cha.htm l Mechanismof HSST. JapaneseEMS.

7. http: //popul armecha nics.com /popmec h/sci/9 805STTRP.html “Track to the Future” arti-
cle. Descriptivearticleof onerecentMaglev approach.

8. http: //www.l lnl.gov /str/Pos t.html “A New ApproachtoLevitatingTrains—andRockets.” Elab-
orationof thepreviouslink for aMaglev approach.
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App. B: The Contr ol-Systems Laborator y

B.1 THE LABORATORY1

The Control-SystemsLaboratorycomprisesfour studentworkstations,eachhaving a computerandoneor more
devicesto control.

B.1.1 The Lab Computers

ThelabcomputersarePentium-III700MHz machineswhich includespecialhardwarefor dataI/O. Thecomputers
run theReal-TimeLinux operatingsystem.No previousstudentknowledgeof Linux is expected.

Whenthecomputersareturnedon,a log-in screenwill bedisplayed.Entertheclassusernameandpassword:

Username: ece4560

Password: ece4560

(real secure,huh?) It is NOT wise to save informationpermanentlyon the lab computers.Whenyou log on, the
screenshown in Fig. B.1 onpageB–2will appear.

Youwill useMatlabextensively. YoucanstartMatlabby clicking on theMatlabicon to theleft of thescreen.Once
started,Matlabwill runasit doesonanNT machine.In particular, “print ” will print; “edit ” will edita �le, and
soforth.

You caneasily“link” your ECEDOMAIN NT accountto thelab computer. Click on the“NT network” icon to the
left of thedesktop.EnteryourNT usernameandpasswordandclick on“OK”. Thiswill loadyourNT account.You
canreadandwrite �les to your accountjust asyou would write to this directory. Note that themechanismto link
yourNT accountto thelabcomputeris notparticularlysecure.Useatyourown risk.

To log out, click on the“X” in themenubarat thebottomof thedesktop,or select“Logout” from the“K” menuin
thesamemenubar.

B.1.2 The Devices to Control

The lab experimentswill focuson onephysical device to control—thethe MagneticLevitation (MagLev) device.
ThelabalsohasControlMomentGyroscopedeviceswhichwill beusedin othercontrolcourses.Thesetwo devices
aredepictedin Fig. B.2.

Somecautionsarein orderfor thesafetyof theequipment:

1. Do not touch the glassrod on the MagLev system.Oils breakdown thelubricantin themagnetbush-
ings,increasefriction anddecreasethelifetime of theequipment.

2. Do not touch the white surfaceof the magnets.Thesurfacemustbecleanfor properfunctioningof the
lasersensor.

1TheControl-SystemsLaboratoryhasbeenmadepossibleby a grantfrom theNationalScienceFoundationdirectorateof undergraduate
education.
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To access files on the
local hard disk

To access your
NT files

To start
Matlab

To log out

To access files 
on your floppy disk

FigureB.1 Desktopscreen.

FigureB.2 Thetwo labdevices.TheMagLev device is to theleft; theGyrodevice is to theright.
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3. Do not getmagnetic(i.e., computer) media near the MagLev magnets.Themagnetsareextremely
strongandwill erasecomputermedia.Youhavebeenwarned.

4. Do not attempt to move the Gyro axesmanually. Thesedeviceshave“brakes”whichareactivatedwhen
thedevice is off andwhenswitcheson thecontrolbox areturnedon. Thesebrakeswill quickly wearout if
forced.

B.2 Matlab, Simulink, RTW, RTLT

B.2.1 Simulink

To startSimulink,youstartMatlab,andthenenter“simul ink ” at theMatlab“> >” prompt.

> > simul ink

Simulinkoperatesthesamewayon thelabmachinesasit doesonanNT machine.

B.2.2 The Real Time Workshop

TheRealTimeWorkshop(RTW)is a partof Matlabwhich interfacesSimulink with the“real world.” Simulink by
itself allows simulationof dynamicsystems.With the RealTime Workshop,however, you can includephysical
devicesinsidethe“simulation”. Signalsfrom yourSimulinkblockdiagrammaybeoutputthroughdigital to analog
(D2A) converters,andexternalsignalsmay be readinto your Simulink block diagramthroughanalogto digital
(A2D) andopticalencoderinputs.

TheRealTimeWorkshopcanoperatewith many differentinput-output(I/O) platforms,somehaving theirown DSP
onboardto runtheresultingcode.Thesetupin thelabusestheServoToGoModel2 I/O board,which includeseight
A2Ds, eightD2As, andeightquadratureopticalencoderinputs(anda varietyof digital I/O andotherfeatureswe
will notuse).Many of thesefeaturesareconnectedto thebreakoutboxnext to thecomputersothatyoucansimply
wire upexperimentsusingbananaplugs.

TheServoToGoI/O boarddoesnothave its own DSP, sothereal-timesoftwaremustrunon thelabcomputer'sown
PentiumCPU.TheRealTime Workshop,in conjunctionwith a pieceof softwarecalledtheRealTimeLinux Target
(RTLT) (by Quality Real Time Systems),automaticallygeneratesC codeto implementyour Simulink diagram,
compilesthe C codeinto executablecode,and runs the codeon the PentiumCPU in the computer. The Real
TimeLinux operatingsystemis usedbecauseit guaranteesperformancerequiredfor real-timeprocessingof control
algorithmsanddataI/O.

The beautyof this arrangement,usedfrequentlyin industryto testandprototypecontrol systems,is that you can
testcontrollersin a “hardwarein theloop” con�gurationwithout ever codinganinterruptserviceroutineor writing
a singleline of C or assemblercode! (muchless,debuggingsame)Designsmaybeprototypedrapidly resultingin
greateconomiesof time andmoney. You will seethatthereis a learningcurve the�rst time you usethis particular
scheme,but afterwardit becomescompletelynatural.

B.2.3 Using the Real Time Workshop

In order to usethe RealTime Workshop,you mustknow how to constructa Simulink block diagramcontaining
RTW elements,be able to setall parametersfor theseelementsandfor Simulink/ RTW, andbe able to properly
compile/build thecodeandrun it. Thesetopicsarediscussedin thefollowing sections.
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FigureB.3 Thertlib library.

Creating the Real Time Model

In orderto startusingtheRealTimeWorkshop,in theMatlabwindow type

> > rtlib

“ rtlib ” (Fig. B.3) is aSimulink library �le containingblocksusefulfor I/O.

Youcandragadesiredblock into aSimulinkmodelyouareworkingon,andthenmake thenecessaryconnections.

In the rtlib library therearefour A2D input blocks. Theseareactuallyidenticalexceptthat their settingshave
beenpresetto correspondto the four A2D inputson theMagLev sideof thebreakout box. The top setof banana
plugson thebreakout box is A2D1 (channel0) andsoforth throughto thebottomsetwhich is A2D4 (channel3).
A2D1 is generallyusedasthe input from thesensoron thebottomcoil; A2D2 is generallyusedasthe input from
thesensoron the top coil. Theothertwo inputsarethe temperaturereadingsof the two coils, andmaybeusedto
providemoreaccuratesensorcalibrationwhenthesensorheatsup.

Therearefour D2A outputblocks.Again,theseareidenticalexceptthattheirsettingshavebeenpresetto correspond
to thefour D2A outputson thebreakout box. D2A1 (channel0) andD2A2 (channel1) correspondto theMagLev
drive coils (bottomandtop, respectively). D2A3 (channel2) andD2A4 (channel3) correspondto theGyro D2A1
andD2A2 on thebreakoutbox,andareusedto driveAxis 1 andAxis 2 of theGyro.

The �nal block in the window is the hardware adapterblock. The HW Adapter block must be part of your
Simulink diagram, and is not wir ed to anything else.Its presencealoneis enoughto let Simulink/ RTW/ RTLT
know which boardis beingused.By doubleclicking on theHardwareAdapterblock,you canaccessits properties;
theonly onewhich you might considerchangingis thesamplingfrequency. A valueof 2kHzshouldbesuf�cient
for all labpurposes.

The A2D Converter Blocks: Theparametersof theA2D convertersmayalsobechangedby doubleclicking
on the block in your Simulink diagram.The window in Fig. B.4(a)will be displayed.If you selectedthe correct
block from thertlib menu,youshouldneverneedto changeaparameterin thiswindow. If youpulledthewrong
block off for thedesiredchannel,you maychangethe input channelnumberin this window. For convenience,the
associationsbetweenchannelnumberandbreakout-boxlabelingarerepeatedhere:
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(a)A2D parameters. (b) D2A parameters.

FigureB.4 I/O Box Parameters.

Channel BreakoutBox TypicalUse
A2D Channel0 MagLev A2D1 BottomCoil Sensor
A2D Channel1 MagLev A2D2 TopCoil Sensor
A2D Channel2 MagLev A2D3 BottomTempSensor
A2D Channel3 MagLev A2D4 TopTempSensor

The D2A Converter Blocks: Theparametersof theD2A convertersmaybechangedby doubleclicking onthe
blockin yourSimulinkdiagram.Thewindow in Fig.B.4(b)will bedisplayed.If youselectedthecorrectblockfrom
thertlib menu,you shouldnever needto changea parameterin this window. If you pulledthewrongblock off
for thedesiredchannel,youmaychangetheinputchannelnumberin thiswindow. For convenience,theassociations
betweenchannelnumberandbreakout-boxlabelingarerepeatedhere:

Channel BreakoutBox TypicalUse
D2A Channel0 MagLev D2A1 BottomCoil Drive
D2A Channel1 MagLev D2A2 TopCoil Drive
D2A Channel2 GyroD2A1 Axis 1 Motor Drive
D2A Channel3 GyroD2A2 Axis 2 Motor Drive

The Encoder Input Blocks: Wewill not requireencoderinputblocksfor this labcourse.Theencoderinputs
areusedwhencontrollingthegyroscopeunit.

Setting the Real-Time Options

Therearea numberof options,burieddeepin a seriesof menus,which mustbesetbeforeyou canproperlybuild
andrun your code. Most of theseoptionshave alreadybeensetproperlyfor you if you usethe templat e.mdl
�le asinstructed.Therearestill someparameterswhichyoumustset,andthesearelocatedin the“solverpage”.

Solver Page: To accessthispage,youmustselectSolver in theSimulation Parameterspropertysheet(Fig.B.5
on pageB–6). Beforebeingableto useyour model,you mustsetthe�x ed-stepsolver stepsize:you mustclick on
thepop-upmenunext to TypeunderSolver optionsgrouptitle andselect“�x ed-step”.An appropriatevaluefor the
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Fixed stepsizeedit box is thesamplingperiod.Thus,if thecontrolalgorithmis executedat2kHz, thenyoushould
settheFixed stepsizeedit box to “0.0005”.

FigureB.5 TheSolverpropertysheet.

Currently, thesoftwaredoesnot supportmulti-tasking;hence,theMode pop-upmenumustbesetto “Single Task-
ing”. You canalsosettheStart time andStop time by accessingtheappropriateedit boxesundertheSimulation
time grouptitle. By default thesevaluesaresetto “0.0” and“10.0”, respectively.

Therearesomecorrespondencesbetweenvaluesin this solver pageandothervaluesenteredelsewherewhich must
beobserved. If they arenot (atbest)errormessagesor (atworst)chaoswill ensue:

Correspondences
Solver: Fixedstepsize ( ) HW Adapter:Samplingrate
Solver: Stoptime ( ) ScopeProperties:Time range

Building the Real-Time Model

Fromtheprior discussion,you shouldbeableto constructa Simulink block diagramincludingphysical I/O andbe
ableto setall necessaryparameters.It remainsto seehow to run theresultingsimulationandview theoutput(log
data).Herewediscussdatalogging.

WhenusingRTW/ RTLT, dataloggingis accomplishedonly via thescopeblock. ThestandardSimulinkX-Y Graph,
Display, To File andTo Workspaceblocksarenot supported. In order to display or log any simulation result,
a scopeblock must beused.

Severalsignalsmaybedisplayedon thesamescopegraphusingtheMux block.

Sine Wave

Scope

Repeating
Sequence

For thepurposeof loggingdatato a �le, signalsmaybegivennames.Youcando thisby doubleclicking on theline
thatconnectsthevariableto thescope.Entera valid variablename(no spacesareallowed). If you do not specifya
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name,thedefaultSimulinkvariablename(e.g., “root_Gain1”)will beused.A verysubtlepoint is thatoutputsignals
of subsystemsmustbelabeledinsidethesubsystemin orderfor thevariablenameto stick.

In1 Out1

SubSystem Scope

varoutside 1

Out1

1

In1
varinside

In the above �gure, the block diagramon the right constitutesthe subsystem in the block diagramon the left.
Contraryto intuition, thevariablenameof theloggeddatais “varinside”not “varoutside”.

Con�gur ing the Scope: In order to con�gure the Scope,you mustdoubleclick on the Scopeblock in the
Simulink model(Fig. B.6(a)). ThePropertiesbuttonin theScopetoolbaris usedto accessthescopeproperties.In
theGeneral page(Fig. B.6(b)) theNumber of axesrefersto thenumberof subplotsin thescope;theTime Range
speci�eshow many secondsof realtime aredisplayedon thescope;theDecimationbox maybeusedto plot every
n datasamplesfor fasterplotting/printing.

Properties

(a)Scopewindow (b) Generalscopeparameters

FigureB.6 Scopeparameter pages.

Options for Viewing Data: To setthedataloggingoptions,youmustaccesstheExternal Mode Control Panel
from your model's Toolsmenu.You canthenaccesstheExternal Signal & Triggering propertysheet(Fig. B.7)
by clicking on theSignal & Triggering button. UndertheSignal selectiongrouptitle, you canclick on theSelect
all buttonto selectall thescopes,or highlight thescopethatyou want to accessandthenenabletheon checkbox.
If no data is loggedfr om your simulation run, you havemost lik ely forgotten to perform this step! A scopeis
selectedif an“X” appearsin theleftmostcolumnundertheSignal selectiongrouptitle. TheSourcepop-upmenu
undertheTriggergrouptitle shouldbesetto “manual”. TheMode pop-upmenushouldbesetto “one-shot”. The
Delayedit box is usuallysetto 0.

TheDuration edit box speci�esthenumberof time intervals for which theexternalmodelogsdataafter logging
starts.Thevalueof theDuration edit box is equalto (stoptime¡ starttime)/(Fixedstepsize).For example,if you
executea real-timemodelat 2kHzfor 60 secondsanddesireto log datafor theentire60 seconds,thenDuration is
setto 120000.

YoushouldenabletheArm whenconnectto targetcheckbox.

Saving Simulation Data to Disk: Simulationdatamaybesavedautomaticallyto a �le in a “.m” �le format.
This is accomplishedvia the dataarchiving option of the scopeblock(s). To set the dataarchiving options,you
must accessthe Tools menuExternal Mode Control Panel. Click on the Data archiving button to openthe
Data Ar chiving propertysheet(Fig. B.8 on pageB–8). Highlight theEnable archiving checkbox to activatethe
automateddataarchiving featureof theexternalmode. If theEnable archiving checkbox is disabled,no log �le
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FigureB.7 ExternalSignalandTriggeringpropertysheet.

will becreated.If thecheckbox is enabled,youmustprovideavalid Dir ectory nameandaFile namefor archiving
purposes.If theIncr ement�le after one-shotcheckbox is enabled,the�lenamewill beautomaticallyincremented
aftereachrun. (You mustre-build your modelafterchangingany informationin this propertysheetfor thechanges
to takeeffect.)

FigureB.8 DataArchiving propertysheet.

To loadthearchiveddataafterasimulationrun, if your log �le wascalled“ logfil e.m” thenin Matlabtype

> > clear ; logfil e

andyourdatawill beloadedunderthevariablenamesassignedto thesignals.The“clea r ” commandensuresthat
previousMatlabvariablesareclearedbeforeyou loadthelog �le.

Building and Executing the Real-Time Model

Building the Model: In orderto run your Simulink model in real time, you must �rst build the code. Select
RTW Build from theToolsmenu.RTW/ RTLT will thenperformthefollowing steps:

1. RTLT creates<model_name>.cand<model_name>.hsource�les, andthecon�guration�le
<model_name>_cfg.cfg.
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2. Thebuild commandfor real-timeapplications(make-rtw) is issuedwhichcreates<model_name>.mk
make�le from thetemplate�le (lrt.tmf).

3. Themakeutility (nmake)builds the<model_name>_rtl.orealtime targetusingthemake�le createdin step2.

If thereareany errorsin theSimulinkmodelor anRTLT setting,adialogboxwill appearwith warningsanderrors. If
therearenoerrors,thenyouarereadyto executethereal-timetarget.Note that every time you changeyour model
you will needto re-build its code(If you just changea parametervalueof a block, this maynot benecessary. It is
alwayssafestto doso,however).

Executing the Model: To executethe real-timetarget, you connectto it by accessingthe Tools menufrom
theSimulink modelmenubarandthenselectingExternal Mode Control Panel from thepull-down menu. In the
External Mode Control Panel, youclick on theConnectbutton.

Thewindow changes(buttonlabelschange):

To begin execution,you thenclick on theStart real-timecodebutton.Thewindow changesonceagain:

To stopexecutionof the real-timetarget, you canclick either the Stop real-time codebutton or the Disconnect
button.
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B.3 Nonlinear Dynamic Model of MagLev System

B.3.1 Description of the system

Two views of themagneticlevitation systemaredepictedin Fig. B.9. Theplantconsistsof upperandlower drive
coils thatproducea magnetic�eld in responseto a dc current.Oneor two magnetstravel alonga precisionground
Pyrex glassguiderod. By energizing the lower coil, a singlemagnetis levitatedby a repulsive magneticforce.
As currentin the coil increases,the �eld strengthincreasesandthe levitatedmagnetheight is increased.For the
uppercoil, thelevitating forceis attractive. Two magnetsmaybecontrolledsimultaneouslyby stackingthemonthe
glassrod. Themagnetsareof anultra-high�eld strengthrareearth(NeBFe)typeandaredesignedto provide large
levitateddisplacementsto clearlydemonstrateprinciplesof levitationandmotioncontrol.
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FigureB.9 Two viewsof themagneticlevitationsystem.

Two laser-basedsensorsmeasurethe magnetpositions. The lower sensoris typically usedto measurea given
magnet's positionin proximity (¼ 8cmrange)to thelower coil, andtheupperonefor proximity to theuppercoil.
The sensordesignutilizes light amplitudemeasurementandincludesspecialcircuitry to desensitizethe signal to
strayambientlight andthermal�uctuations.
For many control scenarios,the systemwill be con�gured asshown in Fig. B.10 on pageB–11. A controller is
connectedto the MagLev througha power ampli�er. The ampli�er hasinput voltagerange¡ 10 to 10 volts, and
outputscurrentin the appropriaterangeto drive the electromagneticcoils. The ampli�er alsobuffers the sensor
signalfrom theplant. Whena computeris usedascontroller, it is connectedto theampli�er box via a “breakout
box” whichprovidestheappropriateinputandoutputsignalsvia bananaplugs.
Oneor moremagneticdisksmaybeplacedonthePyrex rodandlevitated.Fig. B.11onpageB–11showsadiagram
of thedisk. A dry-lubricatedguidebushingat thecenterof thedisk slidesup anddown therod. A white re�ective
surfacecoversmostof thedisk. A “N” or “S” labelidenti�es thepolarityof aparticularsideof thedisk.
The sensormakesuseof the re�ective propertiesof the disk surface. The lasersensoris depictedfunctionally in
Fig. B.12 on pageB–11. The monochromatic,coherentlaserbeamis spreadvia a singlehemicylindrical optical
elementinto a fan shape. This beamis projectedon the diffuse white surfaceof the magnet. A photodetector
views thebeamandgeneratesavoltageproportionalto theamountof beampower incidenton it. Thewhitesurface
propertiesandlaser/detectorview factorsandgeometriesaredesignedto maximizethesensorgainslope(changein
outputversuschangein position)throughthesensoroperationalrangeof about8cm.
Becauseof thefanbeamshapeandthefactthatthere�ectedlight is acombinationof specularanddiffuse,thepower
on thedetectordiminisheswith the inverseandinversesquareof themagnetdistance.Additionally, thegeometry
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FigureB.12 Functionaldiagramof lasersensor.
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of thelaser, detector, andmagnetandtheresultingcutoff of thedetector's view of thebeamasa functionof magnet
heightgiveriseto alineardependency atsmallmagnetdistance.Theserelationshipsareusedto motivatethegeneral
form of thesensorlinearizationfunctionasdiscussedlater.

Electroniccircuitry makesthedesignimmuneto straylight noise,suchasturningroomlightsonandoff, andrejects
mostinducedelectronicdisturbances.Thusa relatively low noisesignalis outputfrom theampli�er box.2

B.3.2 Making a Mathematical Model

We wish to determinea mathematicalmodelof theMagLev system.To do so,free-bodydiagramsfor theMagLev
apparatusin two con�gurationsareshown in Fig. B.13. We will considerthedouble-magnetcon�guration. Each
magnetis actedonby forcesfrom bothdrivecoils, from theothermagnet,from gravity, andfrom friction (modeled
asviscous).In thediagram,y1 is thepositionof thelower magnet,y2 is thepositionof theuppermagnet,yc is the
maximummagnetseparation,i1 is thecurrentinto thelower coil andi2 is thecurrentinto theuppercoil. All other
labelsreferto forcesoperatingon themagnets.Fromthe�gure, wehaveanequationof motionfor the�rst magnet

mRy1 D
X

Forcesondisk1

mRy1 D Fu11 C Fu21 ¡ Fm12 ¡ c1 Py1 ¡ mg:

S

S

S

N

N

N

PSfragreplacements

Mechanical
limit of
motion

Mechanical
limit of
motion

ycyc

¡ y2

y1y1

Fu12

Fu11

Fu11

mg

mg

mg

c1 Py1

c1 Py1

c2 Py2

Fm12 Fu21

Fu21

Fu22

Magnet #1

Magnet #1

Magnet #2

Coil #1
current

Coil #2
current

i1i1

i2i2

Coil #1Coil #1

Coil #2Coil #2

Single-magnetCon�guration Double-magnetCon�guration

FigureB.13 Forcediagramsfor theMagLev device in two con�gurations.

Similarly for thesecondmagnet

mRy2 D
X

Forcesondisk2

mRy2 D Fm12 ¡ Fu22 ¡ Fu12 ¡ c2 Py2 ¡ mg:

Themagneticforcetermsaremodeledashaving thefollowing forms(seeAppendixA for details)

Fu11 D
i1

a. y1 C b/ N
Fu12 D

i1

a. yc C y2 C b/ N
Fm12 D

c
. y12 C d/ N

Fu22 D
i2

a.¡ y2 C b/ N
Fu21 D

i2

a. yc ¡ y1 C b/ N

2A lasertemperaturesignalis alsooutput.Thismaybeusedto compensatefor thelaser's inherentreductionin emittedpowerasafunction
of temperature(approx.15%maximumfor operationaltemperaturesof theMagLev device).
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wheretheactualmagnetseparationy12 is
y12 D yc C y2 ¡ y1; yc ¼ 13:0cm

anda, b, c, d, andN areconstantswhich maybedeterminedby numericalmodelingof themagneticcon�guration
or by empiricalmethods.Typically 3 < N < 4:5. Themaximummagnetseparationmaybefoundby measurement
to be yc ¼ 13:0cm.

B.3.3 Equations of Motion for the Double-magnet Con�gu ration

For the MagLev apparatus,the coef�cients of friction affecting both disks are the same,and may be written as
c1 D c2 D m¯ . In addition,a valueof N D 4 hasbeenshown empirically to yield a closeapproximationof
the force/distancerelationships.Finally, sincecurrentin a coil is proportionalto thevoltageappliedto thepower
ampli�er for thatcoil, we �nd thatthefollowing equationsareusefulfor designpurposes:

mRy1 D Fu11 C Fu21 ¡ Fm12 ¡ m¯ Py1 ¡ mg (B.1)
mRy2 D Fm12 ¡ Fu22 ¡ Fu12 ¡ m¯ Py2 ¡ mg (B.2)

Fu11 D
u1

a. y1 C b/4
(B.3)

Fu12 D
u1

a.13C y2 C b/4
(B.4)

Fu22 D
u2

a.¡ y2 C b/4
(B.5)

Fu21 D
u2

a.13¡ y1 C b/4
(B.6)

Fm12 D
c

. y12 C d/4
: (B.7)

B.3.4 Nonlinear Sensor

As mentionedpreviously, the sensorson the MagLev measurethemagnetpositionindirectly, througha nonlinear
function.Theraw sensorvoltagereadykraw is relatedto thetruemagnetpositionyk throughtheapproximation:

yk ¼
ek

ykraw

C
fk

p
ykraw

C gk C hk ¢ykraw: (B.8)

Theconstantsfe1; f1; g1; h1gandfe2; f2; g2; h2gmaybedeterminedusingempiricalmethodsto modelthebottom
andtopsensors,respectively. For thepurposesof controldesign,we“calibrate”thesensorby calculatinganestimate
ykcal of themagnetposition

yk ¼ ykcal D
ek

ykraw

C
fk

p
ykraw

C gk C hk ¢ykraw:

B.4 Lineariz ed Dynamic Model

Thedynamicsof Eqs.(B.1) to (B.7) arevery nonlinear. Furthermore,thesensormeasuresa nonlinearfunctionof
the true magnetposition. We needto linearizetheseequationsaroundsomedesiredoperatingpoint. That is, we
makeanapproximatelinearmodelof thesystemin theregionof operationspaceweplanto use.

For thepurposeof thepresentdiscussion we will considerthecasewherethereis onemagneton thedevice. The
equationof motionfor thatmagnetis then

mRy1 D
u1

a. y1 C b/4
C

u2

a.13¡ y1 C b/4
¡ m¯ Py1 ¡ mg: (B.9)
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Thesedynamicsarerepresentedschematicallyasin Fig. B.14. In thediagram,y1 is thetruepositionof themagnet
andy1raw is themeasuredvoltagecorrespondingto thatposition.G.s/ D 1=.ms2 C m¯ s/.PSfragreplacements

u1
u2 G.s/ sensoractuator y1raw

y1

mg

FigureB.14 Block diagramof MagLev dynamics,single-magnetcon�guration.

Evenin Eq. (B.9) with onemagneton thedevice we seethatthedynamicsarenonlinear. (It is not a linearconstant
coef�cient ordinarydifferentialequation).Therearethreesourcesof nonlinearity:theactuatorcontributesanonlin-
earityvia Eq.(B.9), thesensorcontributesanothernonlinearityvia (theinverseof) Eq.(B.8),andgravity contributes
anonlinearityvia theconstantaddedforcemg (LCCODEsdonothaveconstantterms).

B.4.1 Small-Signal Linearization à Model predicts height of magnet yk.

Thelinearizationmethodis shown in Fig. B.15.Theconstantforcedueto gravity is canceledby applyingaconstant
steady-statevoltageu1o to the controlleroutput.3 This alonehasthe effect of levitating the magnetat a constant
height,in theabsenceof disturbance.
Thevoltagey1raw correspondingto themagnet's heightis measured.We computea calibratedestimatey1cal of the
actualmagnetpositiony1 usingthemeasuredsensorvoltagey1raw via therelation

y1cal D
e1

y1raw

C
f1

p
y1raw

C g1 C h1 ¢y1raw: (B.10)

In thediagram,thisoperationis performedby the“sensorinverse”block. It effectively invertsor cancelsthesensor
nonlinearity.
The actuatornonlinearityis not explicitly canceled.Rather, the nonlinearportion of the block diagraminsidethe
thick grayrectangleis “linearized”usingmethodsdescribedbelow. A linearapproximationof thenonlinearfunction
insidethegraybox is usedastheplantmodel.

PSfragreplacements

r1
e u1

G.s/
D.s/

yraw. y/Fu1. y/ sensor
inverse

y1raw y1caly1

Sensor
nonlinearity

Magnetic�eld
nonlinearity
(actuator)

mg
u1o

Theplantis contained
insidethedashedbox

Thispartwill
belinearized

Figure B.15 Linearization:Thelinearmodelpredictstheactualmagnetheight.Your controllermustspeci�cally invert thesensornonlin-
earity.

Taylor-Series Function Expansion

NonlinearequationsmaybelinearizedusingTaylor-seriesexpansion.Youshouldrecallfrom yourcalculuscourses
thata functionmaybeexpandedvia a Taylor-seriesexpansionto berepresentedasa polynomial.For example,the

3Thisvalueis a functionof thedesiredsteady-stateoutputy1o.
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sin.x/ functionmaybeexpandedaroundx D 0 andrepresentedas

sin.x/ D x ¡
x3

3!
C

x5

5!
¡

x7

7!
C

x9

9!
¢¢¢

Theexpansionis valid for all x. (x in radians).

For smallvaluesof x, thesinusoidalfunctionmaybeapproximatedaslinear. Wecansay

sin.x/ ¼ x

for jxj ¿ 1. In general,linearizationof a functionis doneby keepingthezeroth-and�rst-order termsof theTaylor-
seriesexpansion. For somefunctions,linearizationgivesa goodapproximationto its form in a small operating
region. Othertimes,linearizationdoesnot work well at all. We arefortunatewith theMagLev device to discover
thatlinearizationworkswell.

A nonlinearsystemis linearizedaroundan “operatingpoint”. For example,supposewe apply a constantcontrol
effort u1o to thebottomcoil to keepthebottommagnetlevitatedto aheightof 2:5cmin theabsenceof disturbances.
Then,small changesin the control effort u1 aroundthe constantvalueof u1o will lead to linear behavior in the
magnetheight,plustheconstantoffsetof 2:5cm. In this example,theoperating“point” consistsof theconstantu1o

andtheconstanty1o D 2:5cm.

The linearizedequationsof motion arefound by solving for the zeroth-and�rst-order termsof the Taylor-series
expansionof therespectiveequationsabouttheoperatingpoint. For example,thefull setof equationsof motionfor
theMagLev systemarelistedin Eqs.(B.1) to (B.7).

Wecustomarilyre-arrangetheequationsof motionsothatonesideof theequationcontainsthelinearterms,andthe
othersideof theequationcontainsthenonlinearterms.So,Eqs.(B.1) and(B.2) become:

mRy1 C m¯ Py1 D Fu11 C Fu21 ¡ Fm12 ¡ mg
mRy2 C m¯ Py2 D Fm12 ¡ Fu22 ¡ Fu12 ¡ mg:

Callingright-hand-sideof the�rst equation®. y1; y2; u1; u2; t / , andcallingtheright-hand-sideof thesecondequation
¯ . y1; y2; u1; u2; t / , wehave

®. y1; y2; u1; u2; t / ¼ ®. y1o; y2o; u1o; u2o; t / C
@®
@y1

¯
¯
¯
¯
y1o;y2o;u1o;u2o

¢. y1 ¡ y1o/ C
@®
@y2

¯
¯
¯
¯
y1o;y2o;u1o;u2o

¢. y2 ¡ y2o/ C

@®
@u1

¯
¯
¯
¯
y1o;y2o;u1o;u2o

¢.u1 ¡ u1o/ C
@®
@u2

¯
¯
¯
¯
y1o;y2o;u1o;u2o

¢.u2 ¡ u2o/; (B.11)

wherey1o, y2o, u1o andu2o arethe respective magnetpositionsandcontrol efforts that de�ne the operatingpoint.
For thepurposesof controldesignwe choosetheoperatingpoint to beat anequilibrium(thesystemis at restand
notaccelerating)sothat

®. y1o; y2o; u1o; u2o; t / D . Fu11 C Fu21 ¡ Fm12 ¡ mg/
¯
¯
y1o;y2o;u1o;u2o

D 0I (B.12)

also; ¯ . y1o; y2o; u1o; u2o; t / D . Fm12 ¡ Fu22 ¡ Fu12 ¡ mg/
¯
¯
y1o;y2o;u1o;u2o

D 0: (B.13)

EvaluatingEq.(B.11)andusingEq.(B.12)wehave

mRy1 C m¯ Py1 C
µ

4u1o

a. y1o C b/5
¡

4u2o

a.13¡ y1o C b/5
C

4c
. y12o C d/5

¶
. y1 ¡ y1o/ ¡

4c
. y12o C d/5

. y2 ¡ y2o/ D

1
a. y1o C b/4

.u1 ¡ u1o/ C
1

a.13¡ y1o C b/4
.u2 ¡ u2o/;

whichmayberewrittenas(wherey¤
1 D y1 ¡ y1o, u¤

1 D u1 ¡ u1o andsoforth; notealsothat Ry1 D Ry¤
1 and Py1 D Py¤

1)

mRy¤
1 C m¯ Py¤

1 C .k11 ¡ k21 C km12/ y¤
1 ¡ km12y¤

2 D ku11u¤
1 C ku12u¤

2: (B.14)

Similarly for theseconddifferentialequation

mRy¤
2 C m¯ Py¤

2 C .k22 ¡ k12 C km12/ y¤
2 ¡ km12y¤

1 D ku22u¤
2 C ku21u¤

1; (B.15)
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where

k11D
4u1o

a. y1o C b/5
; k12D

4u1o

a.13C y2o C b/5
; k21D

4u2o

a.13¡ y1o C b/5
; k22D

4u2o

a.¡ y2o C b/5
;

ku11D
1

a. y1o C b/4
; ku12D

1
a.13¡ y1o C b/4

; ku21D
¡ 1

a.13C y2o C b/4
; ku22D

¡ 1
a.¡ y2o C b/4

;

km12D
4c

. y12o C d/5
:

For smallmotions,andif crosstermsarenegligible, thedynamicsareidenticalin form to thoseof thelineardiscrete
systemshown in Fig. B.16.

PSfragreplacements

k11
km12

k22

m1 D m m2 D m

F1 D ku11u¤
1 F2 D ku22u¤

2

y¤
1 y¤

2

m¯ m¯

FigureB.16 Approximatelinearblockdiagramof MIMO MagLev system.

B.4.2 Calculating u1o and u2o

We may calculatethe steady-statecontrol effort u1o andu2o for a speci�c operatingpoint f y1o; y2ogby evaluating
Eqs.(B.12) and(B.13). Thesegive the two equationsandtwo unknowns which may be combinedinto a matrix
equation:

"
1

a. y1oCb/4
1

a.13¡ y1oCb/4

¡ 1
a.13Cy2oCb/4

¡ 1
a.¡ y2oCb/4

# ·
u1o

u2o

¸
D

"
mg C c

. y12oCd/4

mg ¡ c
. y12oCd/4

#

:

B.5 Using the Model in Simulink

FigureB.17showshow to incorporatetheMagLev into aSimulinkdiagram.The“Fix Sensor”Simulinksubsystems
will beprovidedto you. Thesecounteractthenonlinearitiesin thesensor.

Thefollowing chartis asummaryof �tting parametersfor theactuatorsandsensorsof thefour systems:

Sys a
£ V

N cm3m

¤
b [cm]

1 0.00000416 5.575067
2 0.00000384 5.743740
3 0.00000407 5.700130
4 0.00000576 4.383893

c D 4408140[N cm5=m], d D 5:193394[cm]. The massof eachmagneticdisk is m D 0:12kg. The friction
coef�cient ¯ ¼ 5[uni ts].
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FigureB.17 Diagramshowing u¤
k input to plant,andy¤

k computedfrom plantoutput.Youwill usethisasaportionof yourcontroldesign.
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